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Exact solutions of crystal lattice models of 
electrons in solids are often presented for a small 
number of atomic sites on finite clusters.  

We are, however, interested in these solutions in 
the limit where we can explain the phenomena 
we observe at the macroscopic scales. 

Here, we develop a method in 1D that is capable 
of systematically approaching that limit using 
properties of finite clusters. We test the method 
on two toy models; a model for ferromagnets and 
another for itinerant electrons.
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Research Questions

• How can we systematically eliminate effects in 
lattice models due to finite sizes using cluster 
expansion techniques? 

• Do we expect conducting/insulating/magnetic 
properties to survive as we take N → ∞, where 
N is the system size? 

Method: Numerical Linked-Cluster 
Expansion in 1D

Classical: Ising Model

O(N) refers to the 
property per site in 
order N. 

As the number of 
sites increases, the 
energy per site 
converges towards 
its value at the 
thermodynamic 
limit.

Clusters

Quantum: Non-Interacting Hubbard Model

As N increases, we 
see a convergence to 
the chemical 
potential value (µ), 
which is expected in 
the thermodynamic 
limit. 

(Here                      )

Contributions

W (m) = E(m)�
X
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<latexit sha1_base64="vvIfGhk0QWwwElZ4765b7xhLXF8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0C8uMVHQjFEVw4aKCfUBbSiZN29AkMyR3hDL0A9z4K25cKOLWD3Dn35i2s9DWAzc5nHsuyT1+KLgB1/12UkvLK6tr6fXMxubW9k52d69mgkhTVqWBCHTDJ4YJrlgVOAjWCDUj0hes7g+vJv36A9OGB+oeRiFrS9JXvMcpASt1srl6XhYuru1x3DKR7MTKXr5hgOX4Nq8KdVvW5RbdKfAi8RKSQwkqnexXqxvQSDIFVBBjmp4bQjsmGjgVbJxpRYaFhA5JnzUtVUQy046ny4zxkVW6uBdoWwrwVP09ERNpzEj61ikJDMx8byL+12tG0Dtvx1yFETBFZw/1IoEhwJNkcJdrRkGMLCFUc/tXTAdEEwo2v4wNwZtfeZHUTopeqXh6V8qVL5M40ugAHaI88tAZKqMbVEFVRNEjekav6M15cl6cd+djZk05ycw++gPn8wfuBJmp</latexit>

O(m) =
mX

n=1

W (n)

<latexit sha1_base64="YhEUfPpGMPhh0ccrIugaFVbRyC0=">AAAB/3icbVBNSwMxEM3Wr1q/VgUvXoJFaC9lVyp6KRS9eLOCbYV2XbJptg1NskuSFcrag3/FiwdFvPo3vPlvTNs9aOuDgcd7M8zMC2JGlXacbyu3tLyyupZfL2xsbm3v2Lt7LRUlEpMmjlgk7wKkCKOCNDXVjNzFkiAeMNIOhpcTv/1ApKKRuNWjmHgc9QUNKUbaSL59cF3i5VpXJdxPRc0d33PYLomybxedijMFXCRuRoogQ8O3v7q9CCecCI0ZUqrjOrH2UiQ1xYyMC91EkRjhIeqTjqECcaK8dHr/GB4bpQfDSJoSGk7V3xMp4kqNeGA6OdIDNe9NxP+8TqLDcy+lIk40EXi2KEwY1BGchAF7VBKs2cgQhCU1t0I8QBJhbSIrmBDc+ZcXSeuk4lYrpzfVYv0iiyMPDsERKAEXnIE6uAIN0AQYPIJn8ArerCfrxXq3PmatOSub2Qd/YH3+AOSrlL4=</latexit>

m,n : Cluster Sizes

L : Multiplicity

E : Total Energy

O : Apprx. to Energy

in Macro. Limit
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t = 1, µ = 1
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Identify all the clusters that can be embedded in a chain:


