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ABSTRACT  
 

Nonlinear Model Predictive Control for Spacecraft Rendezvous and Docking 
 

Ramon Medina  

Spacecraft rendezvous and docking is a critical capability for modern space operations, enabling 
missions such on-orbit servicing, debris removal, and crew transfer. Traditional control strategies 
often rely on linearized dynamics, such as the Clohessy-Wiltshire-Hill equations, which limit 
accuracy and robustness during complex maneuvers or in non-circular orbits. This project 
presents the development and implementation of a Nonlinear model predictive control 
framework designed to automate the RVD maneuvers of a 3U cubesat with a cooperative target 
in Low Earth Orbit. A full six-degree-of-freedom nonlinear dynamic model is derived in the 
Local-Vertical Local-Horizontal reference frame, incorporating realistic actuator constraints for a 
thruster module and a pyramidal reaction wheel configuration. The control strategy is 
implemented in a high-fidelity MATLAB/Simulink environment, where the NMPC optimizes 
control inputs in real-time to minimize position errors while satisfying system constraints. 
Simulation results demonstrate the controller’s effectiveness in guiding the chaser spacecraft 
from an initial hold point to a precise docking position. The system successfully converges to the 
target state, regulating both position and attitude despite initial nonlinearities.  
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1.​  Introduction 

 
1.1​ Motivation 
 

Spacecraft rendezvous and docking (RVD) is a complicated sequence of maneuvers that 
are meant to bring two spacecraft physically together in the same orbit. In this maneuver one 
spacecraft is deemed “the chaser” and the other “the target”. The chaser spacecraft is the one 
performing actuations in order to rendezvous with the target spacecraft. This maneuver involves 
complex control systems in order to be successful. NASA conducted its first rendezvous and 
docking between two spacecraft in 1966. This mission was between Gemini VIII and the Agena 
spacecraft [1]. Although it had a control system onboard it needed assistance from the astronauts 
to successfully complete the maneuver [2]. Since 1966, advances in space technology and 
operations have paved the way to more robust control systems that operate much more 
autonomously. Currently, spacecraft rendezvous and docking represents a mission-critical phase 
in modern space operations. These operations include in-orbit satellite servicing, debris removal, 
space-station resupply, and crew transfer.  

  
Although rendezvous and docking has become essential to modern space operations, 

there are still studies being conducted to optimize this maneuver. Model predictive control 
(MPC) has become a popular approach to fully automate and optimize space operations such as 
rendezvous and docking. Its popularity comes from the robustness and flexibility it offers to 
spacecraft missions The variables that many studies tend to optimize deal with minimizing fuel 
consumption and trajectory time. Other studies have been used to increase the robustness of the 
controllers used for this maneuver. The need for robustness comes from the need to fully 
automate these operations. Model predictive control would be beneficial to current projects such 
as CalTech’s AAReST, where cubesats would autonomously in orbit assemble their telescope 
[3]. Although a MPC algorithm would improve any space operation, much is still left to be 
developed to increase the robustness of the algorithm. Most common uses of model predictive 
control for rendezvous and docking have been with linear models to avoid computational cost 
and guarantee a convergence for its solution. This tradeoff leads to performance loss and loss in 
flexibility in its control strategy. One way to improve this is by focusing on development on a 
nonlinear model predictive control strategy. Nonlinear model predictive control would increase 
computational cost but with advances in hardware it is becoming more feasible to implement on 
spacecraft. Nonlinear Model predictive control would provide the robustness and more accuracy 
needed for an autonomous rendezvous and docking maneuver for any spacecraft.  
  
​  
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1.2​ Literature review​
 
1.2.1​ Background context​
 

Autonomous rendezvous and docking (RVD) has been a key technology for spacecraft 
missions. It is essential for missions involving in-orbit servicing and space debris removal [4]. It 
is also essential to the International Space Station (ISS) when transferring crew and crew 
supplies. The RVD maneuver is split up into three phases [5]. The first phase is the rendezvous 
phase in which the chaser spacecraft transfers over to the phasing orbit in preparation for the next 
phase. The next phase is the close proximity operations phase, in this phase the chase vehicle 
closes the distance between the target and itself [5]. This is a crucial phase in a RVD maneuver 
as it consists of hold points for system checks and trajectory updates [5]. The final phase is the 
docking phase in which the chaser vehicle performs maneuvers to physically connect with the 
target vehicle [5]. Although there have been many control methods that could be applied to 
spacecraft rendezvous missions, model predictive control (MPC) has recently become of interest 
in many studies [6]. The application of model predictive control has the advantage of handling 
input and state constraint while also allowing the flexibility of updating plant parameters and 
objectives [6]. This flexibility comes at a cost in the form of computational time and effort [6]. 
Through a series of advancements in computational hardware and more efficient algorithms, 
implementation to spacecraft missions has become more applicable [6].  

 
1.2.2​ Spacecraft Rendezvous and Docking - Equations of Motion 
​  
​ In order to understand the problem being tackled by the MPC, it is crucial to understand 
the dynamics involved in the rendezvous and docking maneuver. Model predictive control 
requires a predictive model to accurately produce a good controller. One way to model the 
dynamics between a chaser and target is using Newton’s laws in an inertial reference frame [6]. 
Using Newton’s laws, the nonlinear dynamics can be retrieved between the two spacecraft [6]. 
Also Gauss’s equations using Keplerian orbital elements can be used to model the dynamics 
instead of Newton's laws [6]. Many applications of MPC for rendezvous and docking between 
spacecraft translate the dynamics from the inertial frame into the local-vertical, local-horizon 
(LVLH) frame [6].  
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Figure 1.1 - Example of LVLH frame [7] 

 
​ Figure 1.1 shows how the LVLH frame is a reference frame with an origin at a specific 
point on the target spacecraft [7]. The x-axis points from the origin on the Earth to the center of 
the spacecraft, while the y-axis points in the direction of the spacecraft's velocity [7]. In this 
reference frame, the equations of motion between the spacecraft can be linearized into the 
Clohessy-Wiltshire-Hill (CWH) equations [6]. These equations translate the linearized 
translation dynamics of the chaser vehicle with respect to the target vehicle [8]. Although they 
are linearized equations they are often still used in the implementation of linear and nonlinear 
model predictive control. It is important to know when the CWH equations are used as they 
come with many tradeoffs and assumptions that limit their effectiveness for rendezvous and 
docking missions. One study states that using model prediction with CWH can lead to significant 
errors in the prediction if the eccentricity is not perfectly zero [9]. One drawback to the 
linearization of these equations is that the CWH equations assumes external forces such as 
atmospheric drag and solar radiation pressure [9]. Another drawback in keeping CWH equations 
is that they become increasingly inaccurate over longer periods of time [6]. More robustness is 
needed to be added to MPC in order to improve the controller [6]. The reason many studies 
choose to linearize the equations motion for their MPC is to simplify the problem and reduce 
computational cost [6]. In some studies, hybrid models are used for close proximity operations 
when certain phases in maneuvers are linearized [10].  
​  
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1.2.3​ Role of Model Predictive Control  
​  

The basic concept of model predictive control is to use a dynamic mathematical model to 
predict the system behavior and then to optimize the prediction to derive the best control input 
[11]. At each time step the model predictive control solves an open-loop optimal control problem 
[12]. The optimal control problem is a cost function used to specify optimization of the model 
states and control inputs [12]. Along with this control problem, constraints can be added in on 
the acceptable state outputs and control inputs. This gives flexibility in the control algorithm 
approach unlike classical control methods. In addition to constraints, a model prediction control 
can also control the length of its prediction. Essentially, the cost function works to optimize over 
a certain number of time steps, forecasting the systems behavior [12]. This is important as it can 
affect the stability and the computational cost of the controller [12]. Model predictive control 
concepts can be used on linear and nonlinear dynamics models. As mentioned in the section 
before, the linearized models have their drawbacks when it comes to accuracy of the controllers 
prediction.  

 
Both linear and nonlinear MPC use the same approach which requires a prediction model, 

constraints, and a cost function [12]. Distinguishing between the two approaches means dealing 
with a nonlinear prediction model or with nonlinear cost function and constraints [12]. One study 
compared a nonlinear predictive controller to a linear predictive controller. Although this study 
was not conducted on a spacecraft rendezvous and docking maneuver, it was able to compare the 
two approaches. This study involves underactuated unmanned surface vehicles and concludes 
that in this application the nonlinear MPC was the best choice [13]. It did also state initially that 
the nonlinear MPC had an extremely high computational time compared to the linear MPC [13]. 
By using a CasADi solver and with C++ as the programming language, the study concluded that 
nonlinear MPC was feasible to use for real-time application achieving a solution time of 10 
milliseconds [13]. Choosing the correct solver for the cost function an MPC uses is highly 
important to the success of the controller.  
 
1.2.4​ Past studies 

 
Past studies mention other forms of control algorithms used to optimize an autonomous 

rendezvous and docking mission. For example, genetic algorithms have been used in the past to 
optimize fuel and time of a trajectory for spacecraft rendezvous and docking [9]. It was 
determined that genetic algorithms were not optimal for the maneuver as they took up too much 
computational time for any real-time docking systems [9]. Furthermore phase-plane controllers 
have been implemented for maneuver only to find that this strategy is not suitable for path 
constraints [9]. One study conducted a comparison of classical control methods against an 
optimization based MPC control strategy for rendezvous  [14]. The study showed that the MPC 
strategy showed more improvement in minimizing the propellent consumption of the rendezvous 
maneuver when compared to classical control methods [14]. In one simulation conducted, they 
found that the difference in propellant used between MPC strategy and classical control methods 
was roughly 35 kg [14].  
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Most studies reviewed explored a variation of the MPC application to the rendezvous and 

docking maneuver using a linearized prediction model. The reason for this is that dealing with 
nonlinear dynamics leads to utilizing nonlinear programming methods that do not guarantee 
convergence and require complex numerical solvers [4]. Many have gone the route of 
convexifying all elements of the nonlinear problem in order to produce real time globally optimal 
solutions [4]. One particular framework that has risen recently is the implementation of a linear 
quadratic MPC, which has been used in studies involving rendezvous and docking with obstacle 
avoidance [4].  

 
Recent applications of MPC onto spacecraft rendezvous and docking problems have led 

to additional constraints being added to studies. One paper formulated a MPC to handle thrust 
constraints, Line-of-Sight (LOS) constraints, and a soft docking constraint [15]. In this paper, the 
thrust constraints were nonlinear inequalities, that in order to work with a linear quadratic MPC, 
needed to be linearized [15]. The paper mentions that if left nonlinear, then a more complex 
solver would be needed and that would require more time and resources that were available [15]. 
Line of sight constraints define the section where the chaser and target are meant to dock [15].  

 

 
 

Figure 1.2 - Example of line of sight section [15] 
 
The line of sight constraint is meant to constrain the chaser target in the vicinity of the 

cone intersection shown in figure 1.2. For this study the line of sight constraints are also 
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linearized [15]. In some MPC applications, this constraint is applied only when the chaser 
spacecraft is within a certain distance preparing for the docking phase. As for the soft docking 
constraint, this constraint has been introduced lately in MPC rendezvous and docking papers. 
The soft docking constraint is a constraint meant on the relative velocity of spacecraft when near 
the docking port [15]. This constraint has been added to many MPC applications for spacecraft 
proximity operations to avoid any excessive mechanical shock during the operation [15]. In this 
study this constraint is also linearized with the small penalty in performance. [15].  
 

One study for rendezvous and docking of a spacecraft developed both a linear MPC 
controller and nonlinear MPC controller for comparison [7]. In this study both the nonlinear and 
linear MPC use the same constraints and cost function [7]. However, the dynamics for their 
predictive model is not the same. The linear MPC uses the Clohessy-Wiltshire-Hill equations, 
while the nonlinear MPC uses the nonlinear equations of motion [7]. The linear MPC required a 
standard quadratic programming algorithm to solve its optimal control problem [7]. While the 
nonlinear MPC required using a fmincon function with a Sequential quadratic programming 
algorithm to solve its optimal control problem [7]. Both approaches were solved using 
MATLAB/Simulink environments. The final conclusion of this study was that the nonlinear 
MPC performed much better than linear MPC but at the expense of computational time [7].  

 
The computational cost of using nonlinear MPC has been outweighing the benefits it 

delivers when it comes to improved accuracy and flexibility with constraints. The nonlinear 
MPC approach requires more efficient solvers to reduce the computational time and effort. One 
approach presented in [16] uses a nonlinear programming solver IPOPT (interior point 
optimizer) to solve a nonlinear MPC problem [16]. IPOPT is an open source software package 
used to solve large-scale nonlinear optimization problems. Since it is open-sourced, it is readily 
available to be used by the public. This study also incorporates the Clohessy-Wiltshire-Hill 
equations but since the target spacecraft is rotating at a constant rate, the dynamics become 
coupled and nonlinear [16]. Also in this paper, they explored implementing constraints that 
switch during maneuvering phases of the chaser spacecraft [16]. This explores the flexibility of 
the nonlinear MPC approach. With the nonlinear MPC approach, constraints do not need to be 
fixed nor limited to linearity. The nonlinear MPC was tested on a MATLAB/Simulink simulator 
and an air-bearing test bed [16]. The conclusion of the paper was that the nonlinear MPC 
approach was capable of generating a solution within 0.1 seconds [16]. This does not seem very 
quick as the authors support further development and implementation of the nonlinear MPC 
approach [16].  

 
Although the need for computation efficient nonlinear MPC approach continues, there are 

still many needs to be addressed. In the previous study [16], the nonlinear MPC development 
could extend out to handle tumbling docking targets and modeling atmospheric drag and solar 
pressure for improvement in robustness.  
 
1.2.5​ Applications on cubesats 
​  
​ The difficulty of using a model predictive controller on cubesats is the computational 
load does not align with the computer resources available on most cubesats [8]. This study 
proposes not to use model predictive control by developing optimization subproblems for fuel 
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optimization of an autonomous rendezvous and docking maneuver [8]. It was able to decouple 
the problem to two optimization subproblems for orbit energy and attitude fuel [8]. Although this 
was not implemented via an MPC, it shows a hill needed to be climbed for a nonlinear MPC to 
work effectively on cubesats. One contribution this study had on this literature review is the 
addition to reaction wheel control inputs not found in the other papers involving spacecraft 
rendezvous and docking [8]. Most studies primarily focused on the thruster inputs and 
optimization of fuel consumption with their implementation of spacecraft dynamics. It seems 
with cubesats reaction wheels are additional control inputs commonly used.  
 

Although implementing any MPC on a cubesat is a challenge it does not mean that it has 
not been attempted and been successful. One article presents the challenge of implementing a 
MPC for a cubesat to perform rendezvous and docking with a larger spacecraft [17]. The article 
did many of the same strategies from previous studies such as linearizing the relative motion 
between the chase and target dynamics via the CWH equations [17]. Though it uses linearized 
dynamics, it does implement nonlinear characteristics. Some of the nonlinear characteristics 
include using nonlinear environmental disturbances and actuator emulation [17]. In order to 
apply to cubesat the study uploaded its algorithm on a micro-controller based on an ARM-9 
architecture which is a common type of processor for small satellites [17]. This implementation 
was done to show real-time implementation is possible for cubesats [17]. The study concluded 
by demonstrating an execution time of 25 milliseconds and a 100% success rate within 2 
centimeters of accuracy [17]. The results of that study showed that the application of MPC with 
nonlinearities on a cubesat is a feasible and viable approach to the rendezvous and docking 
problem.  
 
1.3​ Project proposal 

 
​ Based on the literature review the objective of this MSAE project is to develop and 
implement a robust nonlinear model predictive control for cubesat rendezvous and docking with 
a cooperative target. The project will focus on using a nonlinear dynamic model between a 
chaser and target cubesat in Low Earth Orbit (LEO) as the predictive model in its model 
predictive control approach. This aims to build upon previous studies with the addition of 
modeling of the atmospheric drag and the J2 gravitational perturbation effect that is present for 
cubesats in LEO. The project will also aim to incorporate an allocation scheme for the designed 
cubesat given the thruster and reaction wheel location.  
 
1.4​ Methodology  

 
1.4.1​  Model dynamics 
​  
​ This section will focus on development of the nonlinear dynamics between target and 
chaser cubesats. This will require creating a full 6-DOF dynamic model of the relative motion 
between the chaser cubesat and target cubesat. To avoid the high computational load that comes 
from using nonlinear dynamics, the predictive model will be linearized at each step. A simple 
analysis will be conducted at first using only the nonlinear dynamics and then atmospheric drag 
and the J2 gravitational perturbation will be added in later sections. The aim of the chapter is to 
set up the base equations of motion between a target vehicle and chaser vehicle in circular orbit 
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since both cubesats will be simulated in LEO. This section will also be where the CAD model for 
the chaser cubesat will be designed and defined. Any thruster and reaction wheel module sourced 
will be defined in this section. Thrust and moment equations will also be derived in this section 
for future use in the nonlinear MPC development.  
 
1.4.2​ Formulation of the nonlinear MPC problem 
 
​ This section will focus on formulating the nonlinear MPC optimal control problem for 
rendezvous and docking scenarios. This section will develop the cost function that optimizes 
maneuver time, and explicitly incorporates sets of state and input constraints thrust and moment 
limits. This section will also cover the constraints that are planned to be imposed on the cubesat 
such as the thrust available and maximum torque the reaction wheels can achieve.  
​  
​ Formulation of the constraints will be not as difficult as developing the custom cost 
function to be implemented with the nonlinear MPC. Many different cost functions have been 
used in a variety of studies for rendezvous and docking so development of the cost function will 
need to be thorough and adjust the weights to ensure the optimization problem focuses on 
solving the mission requirements.  
 
 

 

 

(1.1) 

 
​ Equation 1.1 demonstrates the cost function that will be used in this report. A similar cost 
function can be found in model predictive control publication [11]. It incorporates the use of a 
penalty matrix as well. The term  is the error in the state vector and the term  is the control 𝑥 𝑢

𝑖
input vector at the current time step. The Q matrix will control the penalty state errors and the R 
matrix will control the penalty on control effort. The S matrix is an additional penalty on the 
state error at the last step of the prediction horizon. 
 

Along with the set-up of the cost function and selection of the solver used for NMPC, it 
will also display the simulink architecture used to simulate the dynamics. This section will also 
demonstrate the initial performance of the nonlinear MPC with the derived dynamics in the 
previous section.  
 
1.4.3​ Implement nonlinear MPC controller 
 
​ This section will be the proper implementation of the Nonlinear MPC via 
MATLAB/Simulink. This will include the nonlinear dynamics of atmospheric drag and J2 
gravitational perturbation effects. This section will introduce force and moment limitations based 
on cubesat orientation. Also at the end of the section the effect of nonlinearities being added to 
the dynamics will be checked on the performance of the controller.  
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1.4.4​ Refinement of the nonlinear MPC   
​  
​ This section will explore refinement needed for the NMPC in terms of constraints and 
allocating realistic forces and moments that the thrusters and reaction wheel can physically use. 
The section will also refine any improvements the simulation needs for accuracy. Mission scope 
will be defined and mission range will be set.  
 
1.4.5​ NMPC results and discussion  
​  
​ This section will explore gain tuning and robustness and provide results with conclusions 
from the designed and developed nonlinear MPC 
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2.​ Dynamic modeling 
2.1 ​ Vehicle model 
 
​ The dynamics model of this project will aim to mirror that of a 3U cubesat from NASA’s 
CPOD (Cubesat Proximity Operations Demonstration). The 3U cubesat makes use of a thruster 
module with 8 valve ports for translation and attitude control. It also includes the use of a 3-axis 
reaction wheel configuration. Since only a few modeling parameters from that mission are 
available through reports, all other parameters will be estimated with the use of CAD. 
 

 
 

Figure 2.1 - Thrust directions of the 3U cubesat in the CPOD missions [18] 
 

​ As shown in figure 2.1, the thruster module can provide thrust in 8 different directions 
and is mounted in the center of the cubesat. The thrust module used on the 3U cubesat is a 
Nammo reaction control propulsion module. The thrusters are mounted on the corners of the 
module and have a 15 degree offset from the cornerline and can thrust in both directions at each 
corner [19]. This thrust module uses cold gas thrusters using R236fa propellant [19].  
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Table 2.1 - Nammo reaction control propulsion module parameters [19] 

Parameter Value 

Estimated Weight 1.33 kg 

Specific Impulse [ISP] 40 seconds 

Total Impulse 174 N-sec 

Nominal Max Thrust 10 mN 

 
​  

One deviation from the 3U cubesat used in the CPOD mission in this project is the use of 
a 4 set pyramidal configuration reaction wheel. On the CPOD mission a 3 axis configuration was 
used, which consists of 3 reaction wheels placed in line with the cubesat’s body frame axis. In 
this project, the cubesat will incorporate a pyramidal configuration of reaction wheels for more 
precision in attitude control. A pyramidal configuration set is the preferred option for the project 
as it provides a wider momentum envelope and higher agility needed for docking maneuvers. It 
also provides robustness as a pyramidal configuration can handle one failure to a reaction wheel. 
The project cubesat will use off the shelf reaction wheels from Nanoavionics [20] 
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Figure 2.2 - Nanoavionics set of 4 reaction wheels [20] 
 

Table 2.2 - Nanoavionics 4 reaction [20] 

Parameter Value 

Maximum Torque (individual wheel) 3.2 mNm 

Maximum Torque X-Axis (4 set 
configuration) 

5.9 mNm 

Maximum Torque Y-Axis (4 set 
configuration) 

5.9 mNm 

Maximum Torque Z-Axis (4 set 
configuration) 

5 mNm 

Estimated Weight 0.665 kg 

 
A lot of specifics of the 3U cubesat are not available to the public so estimation is 

required to determine some of the needed model parameters for the dynamic model. In order to 
estimate the parameters, the use of CAD was essential. Using the weight for components that 
were listed online with CAD allowed for the estimation of the center of mass and moment of 
inertia. Below is the CAD model of the 3U cubesat for this project.  
 

12 



 

 
 

Figure 2.3 - CAD model of 3U cubesat for plant model  
 

The weights of the payload and avionics were not available online so they were estimated 
by using the total nominal weight of a 3U cubesat reduced by the known weights of other 
components.  
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Table 2.3 - Cubesat model parameters 

Parameter Value 

Weight 

Pyramidal Reaction Wheel [20] 0.655 kg 

Thruster Module [19] 1.33 kg 

Cubesat Frame [21] 0.290 kg 

4 Cubesat Walls ​
[estimated based on 6061 T6 material] 

0.452 kg 

Estimated Payload Weight 1.473 kg 

Estimated Avionics Weight 0.8 kg  

Estimated Total Weight [22] 5 kg 

Model Parameters 

Moment of inertia [Ixx, Iyy, Izz] [ 48467.4916, 48258.3323, 7014.0714] 
 𝑘𝑔ᐧٜ𝑚𝑚2

Products of Inertia [Ixy, Iyz, Ixz]  [ -7.0807,0.0296,  -0.3724]  𝑘𝑔ᐧٜ𝑚𝑚2

Drag coefficient [23] 2.2 

 
 
2.2 ​ Body Frame Orientation  
 
​ The orientation of the cubesat will place the origin at the geometric center of volume. The 
+Z axis will be placed in the direction of the payload. Below is an image of the coordinate 
system with the center of mass [marked in red] also shown.  
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Figure 2.4: Body frame with center of mass location  
 

​ The center of mass was calculated to be directly above the geometric center of volume. 
The center of mass was calculated to be at the XYZ position of [0, 0, 1.4054] millimeters. The 
orange arrow in figure 2.4 demonstrates the direction of the body z-axis, the green arrow 
demonstrates the direction of the body y-axis, and the red arrow demonstrates the direction of the 
body x-axis.  
 
2.3 ​ Control Inputs 
 
​ As shown in figure 2.1, the thruster module for the cubesat was 8 thrust vectoring 
directions. With the coordinate system of the cubesat defined, the 8 thrust inputs can be broken 
down into 3 equations of forces in the body frame of the satellite.  
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Figure 2.5 - Top view of thruster configuration 

 

 
Figure 2.6 - Thrusters side view 
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​ Thrusters 1,2,5, and 6 are offset from the body z-axis by 15 degrees. Thrusters 3 and 7 are 
offset from the body y-axis by 30 degrees and Thrusters 4 and 8 are offset from the body x-axis 
by 30 degrees. To make the equations cleaner to read, table 2.4 replaces trigonometric operations 
with symbols to improve the readability of the equations. For moment equations, all thrusters are 
placed at the corners and have the same moment arm, which is calculated from CAD as 50 mm, 
for simplicity in the equations that moment arm will be shown as . 
 

Table 2.4 - Replace trigonometric operations with symbols 

Symbol Trigonometric Operation 

  𝑠𝑖𝑛(15°)𝑐𝑜𝑠(45°)

  𝑐𝑜𝑠(30°)

  𝑠𝑖𝑛(30°)

  𝑐𝑜𝑠(45°)

 cos( ) 15°

d 1.4054 mm  

  50 mm  

 
Below are the derived equations of the thruster input in the body frame of the cubesat.  
 

  (2.1) 

 

  (2.2) 

 

  (2.3) 

 

  (2.4) 

 

  (2.5) 

 

  (2.6) 
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​ The momentum wheel is placed at the bottom of the cubesat and is set up in a pyramidal 
configuration. Below is a representation of how the reaction is set up from the cubesat body 
frame.  

​

 
Figure 2.7 - Reaction wheel diagram [24] 

 
​ The reaction wheels are set up in a pyramidal configuration and oriented as shown in 
figure 2.7. Each reaction wheel is set 90 degrees from each other and is rotated to be 45 degrees 
from the XY primary body frame axis. The reaction wheels are tilted in a way to pivot upwards 
from the XY plane. The pivot angle is called the cant angle and will be set to 35.26 degrees as it 
is the most optimal cant angle for reaction wheels in a pyramidal configuration [25]. For 
simplicity the cant angle will be represented in equations as the angle . The reaction wheel 
creates 4 torque vectors. Each vector must be translated into a torque in the body frame of the 
cubesat. The matrix  will demonstrate the transformation matrix needed to transform the 
four torques into reaction torques in the body frame of the cubesat.  
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(2.8) 

 
​ When multiplying equation 2.7 with the matrix transformation , it results in a 3x1 
array with the total torque contributions from the reaction wheel in the body frame of the 
cubesat.  
 
2.4 ​ Equation of Motion   
 
​ To accurately model the rendezvous and docking maneuver, a high-fidelity nonlinear 
mathematical model is required. Unlike the linearized Clohessy-Wiltshire-Hill (CWH) equations, 
which assume a circular orbit and small relative separation, the nonlinear model accounts for the 
full gravitational nonlinearity and coupled dynamics. This robustness is critical for the Nonlinear 
Model Predictive Control (NMPC) formulation to handle large deviations and ensure precise 
docking. 
 
​ The following equations of motion will deal with two reference frames. The first 
reference frame deals with the Earth-Centered Inertial (ECI) frame. The ECI frame has an origin 
placed at the center of the Earth with the  z-axis aligned with the north pole. Below is an image 
of how the ECI reference frame is set-up.  
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Figure 2.8 - Earth centered inertial frame [26]  

 
​ The second frame is the local-vertical local-horizontal (LVLH) reference frame. The 
origin of this reference frame is located at the center of mass of the chaser vehicle. The x-axis of 
this frame is aligned with the line created between the earth’s center of mass and the target 
vehicle’s center of mass on the orbital plane of the target vehicle.  
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Figure 2.9 - Local-vertical local-horizontal frame [27] 
 

​ The chaser cubesat equations of motion for translational dynamics will be presented in 
the ECI frame. 
 

 

 

(2.9) 

 
The vector R will represent the vector position of the chaser vehicle in the ECI frame. 

The  is the gravitational parameter of Earth and  is the thrust vector produced by the 𝜇 𝑭
𝑡ℎ𝑟𝑢𝑠𝑡

thrusters described in section 2.3. The  term is the chaser vehicles total mass and the term  𝑚 𝐚
𝑝𝑒𝑟𝑡

is the disturbances from atmospheric drag and gravitational effects from the Earth’s 
non-spherical shape.  
 

The chaser vehicle is not the only equations of motion that need to be modeled in order to 
fully capture the dynamics of a rendezvous and docking mission. Moving forward the vector 
describing the chaser vehicle’s position in the ECI frame will be . The equations of motion for 𝐑

𝑐

the target cubesat are the same as the chaser vehicle with the exception of the  term since 𝑭
𝑡ℎ𝑟𝑢𝑠𝑡
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no external forces will be applied to the target vehicle. The target vehicle’s position vector will 
be represented with by the vector .  𝐑

𝑡

 
While in the LVLH frame the target vehicle’s position can be described with a vector . 𝐩

The vector  has x,y,z components in the LVLH frame. This will be the position of the target 𝐩
vehicle from the chaser vehicle. By combining this vector with the target vehicle’s position, an 
equation for the chaser vehicle position can be derived.  
 

  (2.10) 

 
​ Taking the second derivative of  term in the inertial frame while taking into the 
account the angular velocity ( ) of the LVLH frame produces an equation that contains the ω
acceleration of the chaser and target vehicle as well as the terms in the LVLH frame pertaining to 
the vector between the chaser and target vehicle.  
 

  (2.11) 

 
​ Substituting equation 2.9 into  and  and equation 2.11 can be broken up into three 
equations for x,y,z acceleration of the position between the chaser and target vehicle.  

 
​ The equations above are the equations of motion between the two vehicles in the LVLH 
frame.  

 
 

 

 

(2.16) 

 
​  are the control forces acting on the chaser in the LVLH frame. The  𝑭

𝑥
,  𝑭

𝑦
,  𝑎𝑛𝑑 𝑭

𝑧
 𝑛

term is the orbital rate of the target vehicle. The drag term in the equations is modeled below:  
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(2.17) 

 
The term  is the local atmospheric density which will be selected in the mission ρ

𝑎𝑡𝑚

requirements for the density between the chaser and target vehicles orbit altitudes. The term  is 𝐶
𝐷

the drag coefficient which is estimated in table 2.3. The term  in equation 2.17 is the cross 𝐀
sectional area perpendicular to the velocity vector, this term will be calculated in the simulink 
simulation. The term  is the tangential velocity vector of the cubesat in the orbit plane.  𝐯

𝑟𝑒𝑙

 
                             ​ (2.18) 𝐈ẇ

𝑏𝑜𝑑𝑦
 +  ᴡ

𝑏𝑜𝑑𝑦
 × (𝐈ᴡ

𝑏𝑜𝑑𝑦
) =  τ

𝑐𝑡𝑟𝑙
+ τ

𝑒𝑥𝑡

 
​ Equation 2.18 is the rotational dynamics of the chaser vehicle. The term  is the inertia 𝐈
tensor matrix as defined in table 2.3. The term  is the angular velocity of the chaser body ᴡ

𝑏𝑜𝑑𝑦

frame relative to the inertial frame (ECI). the term  is the torque produced from the thrusters τ
𝑐𝑡𝑟𝑙

and reaction wheel as defined in section 2.3. The term  is the torque from external influences τ
𝑒𝑥𝑡

such as atmospheric drag and J2 gravitational effects. In simulation the use of quaternions will be 
used to avoid singularities with Euler angles. Once the angular velocity is given, the change in 
cubesat orientation will be given through a quaternion equation.  
 

 
         

   (2.19) 

 
​ The term  is a skew-symmetric matrix formed by the angular velocity vector. Ω(ω

𝑏𝑜𝑑𝑦
)

When implementing the nonlinear model predictive controller the use of equations 2.9 to 2.19 
help form the state vector .  𝐱

          𝐱 =  [𝑥, 𝑦, 𝑧, ẋ, ẏ, ż, 𝑞1, 𝑞2, 𝑞3, 𝑞4, ω
𝑥
, ω

𝑦
, ω

𝑧
]𝑇    (2.20) 

 

         𝐮 =  [𝑭
𝑥
, 𝑭

𝑦
, 𝑭

𝑧
, τ

𝑥
, τ

𝑦
, τ

𝑧
]𝑇    (2.21) 

 
Using the equation set-up in 2.20 and 2.21 allow for the system between the chaser and 

target vehicle to be set-up as general nonlinear equation .  ẋ = ƒ(𝐱, 𝐮)

23 

https://www.codecogs.com/eqnedit.php?latex=%5Cdot%7B%5Cmathbf%7Bq%7D%7D%20%3D%20%5Cfrac%7B1%7D%7B2%7D%20%5COmega(%5Comega_%7Bbody%7D)%20%5Cmathbf%7Bq%7D#0


 

 
2.5 ​ Simulink set-up  
​  
​ Before creating the simulation involving the nonlinear dynamics and the model predictive 
controller, some initialization requirements must be defined. One of the largest 3U satellites, the 
spire global lemur-2, is usually in orbit at altitudes of 400 km to 600 km. The ranges of the 
rendezvous will aim to be within these orbit altitudes. Below is a table with the summary of 
mission parameters to be held constant in the first set-up of the simulation.  
 

Table 2.5: Mission constants for simulation  

Mission parameter Value 

Chaser vehicle weight 5 kg  

Earth’s Geocentric Gravitational constant 3.986E14   𝑚3/𝑠2

Target vehicle orbit altitude  m 4000

Chaser vehicle orbit altitude 4100 m 

Max thrust 10 mN 

Total impulse  174 Ns  

Max torque 3.2 mNm 

Simulation Time 2000 seconds 

 
​ These mission parameters will be initialized to be used throughout the simulation in all 
functions created. The first simulations will focus on creating the simulink environment and 
creating the nonlinear model predictive controller. As the development on the simulink model 
goes on, more fidelity will be added to the model, including force and moment constraints and 
line of sight constraints.  
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3.​ Nonlinear MPC problem 

3.1 ​ Formulation of the nonlinear MPC problem 
​ An overview of how the nonlinear model predictive controller will be set-up for the 
project. This controller will implement a control strategy using a mathematical model of a 
system to predict its future behavior and optimize a sequence of control inputs to achieve a 
desired objective. Unlike other traditional controllers like PID or LQR which react to errors, the 
model predictive control is proactive and looks over a finite window which is called the 
prediction horizon.  
 
​ The set-up to create this nonlinear model predictive controller involves a measurement, a 
prediction, optimization, application, repeat. The first step is measurement of a state vector, this 
involves a dynamic mathematical model, which will be presented in section 3.2. The next is the 
prediction, this step involves defining how many timestamps ahead does the controller look into 
before optimization. The method for defining this prediction will be used in the reference 
generation block described in section 3.2. 

 
The formulation of the optimization step sets up the cost function to optimize control 

inputs while minimizing distance to the target. The general cost function structure is shown 
below.  
 

 

 

(3.1) 

 
​ The Q matrix in the cost function acts as weights for the state vector to assign priority to 
any of the elements in the x state vector shown in 2.20. The Q matrix will be a 13x1 matrix, each 
element corresponding to each state in the state vector. Increasing one of these elements in the Q 
matrix will place more importance on the error of that state. For example, if after running a 
simulation the x-position seems to overshoot the desired location, then an increase in the first 
element of the Q matrix will be required. The R matrix assigns weights to the control inputs 
dictating which force or moment input has more control authority. The R matrix is a 6x1 matrix, 
the first three elements correspond to the force inputs and the last 3 elements correspond to the 
moment inputs. Decreasing an element in the R matrix will allow for more usage of the 
corresponding force and moment input. The S matrix is used as a penalty to the cost function 
when deviations occur between the targeted state vector which will be calculated at the final 
prediction step.  
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3.2 ​ Simulink Set-up 
​ The simulink model was created using primarily four main MATLAB function blocks. 
The four blocks used were the equations of motion between the chaser and target cubesat, a 
calculating jacobians block, a generation of a reference trajectory block and finally the model 
predictive controller block.  
 
 

 
Figure 3.1: Simulation model dynamics and nonlinear model predictive controller 

 
​ The first main block (red outline) is the equations of motion dynamics block, this block is 
coded to calculate the derivative of the dynamics of the x state vector described in equation 2.16. 
The dynamics MATLAB function block uses the equations derived in equations 2.12-2.14. These 
equations are restructured to solve for the acceleration of the state. The equations solved are 
listed below:  
 

 
 

​ The derivatives of states (3:6) are calculated using these equations. Initial conditions help 
produce the states needed to solve for equations in 3.2, 3.3, and 3.4. Figure 3.1 shows that the 
derivative of the states is outputted and then fed into an integration block that produces the x 
state vector that will be used for the rest of the simulation. The integration block is outlined in 
orange in figure 3.1. From that integration block, that state vector is fed back into the dynamics 
block. The accelerations found in the block at the first timestep gets integrated and becomes the 
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velocity vector used in the dynamics block. The velocities that are then integrated after the 
dynamics model become the position elements in the state vector to be used in the next timestep.  
 
​ The state vector after it has been integrated from the output of the dynamics block will be 
inputted into the jacobian calculator along with the forces and moments control input vector. The 
primary purpose of the jacobians function block is to linearize the nonlinear system dynamics 
around the current operating point (x,u) at every timestamp. The output of this block is the 
linearized space state matrices A and B. A is the system matrix while the B is the control input 
matrix. The A matrix represents the system's sensitivity of the state derivative to changes to the 
state vector(x), while the B matrix represents the sensitivity of the state derivative to changes in 
the input vector (u).  
 
​ The way the Jacobians are calculated is through the finite difference method [29]. In this 
method a forward difference is calculated to create an approximation of change. The formula for 
the finite differences method is presented below.  
 

 
 

​ This formula is applied to both state and input vectors to derive the A and B matrices 
needed for the nonlinear model predictive controller. The v vector is the vector being perturbed, 
the ɛ is the small perturbation and the  vector is the unit vector of the j-th position of the vector. 𝑒

𝑗

For example, at each state it calculates the perturbation effect while zeroing out all over the terms 
that it is not calculating for. The term v in equation 3.5 represents the state vector x produced by 
the dynamics model.  
 
​ The variable ɛ is crucial choice when developing this function for the simulink set-up. If 
the variable is not small enough, errors can occur in the simulation that can produce values in the 
A matrix that will crash. For the first simulation a value of 1e-6 will be used for ɛ.  
 
​ The algorithm is used in the model block outlined in green presented in figure 3.1. In that 
model block, a for loop is created where the code goes through each element in state or input 
vector and calculates a perturbed derivative. At each loop, a difference quotient is calculated 
using equation 3.5. The output of equation 3.5 is then stored in A or B matrix depending on if the 
for loop is using the state vector or the control input vector   
​  
​ The linearized output from calculating the jacobians allows for the use of a quadratic 
programmer to solve the nonlinear model predictive controller cost function. This linearization 
allows for quick debugging and validation of simulink set-up. This also allows for the creation of 
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a local linear approximation of the nonlinear system. A local linear approximation allows the use 
of a quadratic solver to optimize the inputs of the system, this reduces the computational effort 
instead of relying on a nonlinear solver like IPOPT (interior Point OPTimizier).  
 
​ The next block that is required for the nonlinear mpc block to work is a reference 
trajectory generator. This function block is outlined in blue in figure 3.1. In this matlab function 
a reference trajectory is determined based on the prediction horizon and the integrated x state 
vector, and norm position of that state vector. The norm state vector is meant to determine the 
distance to the target vehicle and is used to switch mission phases such as switching between 
rendezvous and docking phase.  When the cubesat is in the rendezvous phase it uses a reference 
x state to calculate the new target distance at each prediction horizon. When the cubesat is within 
50 meters of the target, it switches to a docking mode. In that mode it uses the target position as 
the reference x state so that it aggressively pursues the target position since the target is near. 
This block is still being developed as it has needed to be debugged often. In this section the 
reference trajectory is a straight line to the target position. The trajectory is determined by the 
position of the chaser, a determined max velocity, and a target waypoint.  
 

The next block is the nonlinear MPC solver block. In this block outlined in purple in 
figure 3.1, receives four inputs and outputs the nominal force and moment control input. The 
four inputs received are the current state vector, the reference state vector or desired state vector, 
the linearized A matrix and the linearized B matrix. Other inputs such as the prediction horizon 
and sampling time have been hard coded. In this section of the report the prediction horizon is set 
to 10 and the sampling time is set 0.5 seconds.  

 
​ Since the A and B matrices are linearized, the nonlinear model predictive controller can 
be set-up as a quadratic programming problem. The function quadprog from matlab database was 
used to solve for the optimal control inputs.  

 

 
 

(3.6) 

 
Equation 3.6 is the standard quadratic programming problem form listed in previous 

references [30]. To set-up equation 3.1 to be used with matlab’s quadprog function, it needs to be 
formed into something similar to equation 3.6. By using the state reference vector  produced 𝑥

𝑟𝑒𝑓
by the reference generating function, equation 3.1 can be expanding into a more typical MPC 
optimization problem [30].   
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(3.7) 

 
​ Since the S penalty matrix is only applied to state vector at the last prediction state , so 𝑥

𝑁
it does not need to be a part of the optimization problem used with the quadprog function. Using 
the A and B matrices from the calculated jacobian function, the predicted states can be 
determined.  This is crucial as the optimization problem for the MPC must include the predicted 
states to optimize force and moment inputs. Below is the formulation of prediction matrices 
based on the linearized A and B matrices at time step k.  

 

   (3.8) 

 

   (3.9) 

​ Equations 3.8 and 3.9 are the prediction matrices to be used in the MPC optimization 
problem shown in equation 3.7.  is the free response of the system over the prediction 
horizon.  is the forced response over the prediction horizon. A similar form is used in other 
papers when creating the prediction matrices [30]. The prediction matrices will be used to set up 
the predicted states and optimized outputs that will replace the  and  in equation 3.7 [30]. 𝑥

𝑘+𝑖
𝑢

𝑘+𝑖
The size of the predicted state is determined by the prediction horizon parameter for the MPC. 
The number is important because it determines how far into the future the MPC controller 
observes to find the optimal control input. Too small a prediction horizon would mean not 
capturing important dynamics, too large and the computational effort increases.  

 

  (3.10) 

 

  (3.11) 

Equations 3.10 is the predicted state and equation 3.11 is the sequence of control inputs to 
be optimized. In order to solve for X the predicted state, the prediction matrices will be used to 
solve for each step in the prediction horizon.  

 
 

  (3.12) 

 

  
 

(3.13) 

29 

https://www.codecogs.com/eqnedit.php?latex=J%20%3D%20%5Csum_%7Bi%3D1%7D%5E%7BN%7D%20(%5Cmathbf%7Bx%7D_%7Bk%2Bi%7D%20-%20%5Cmathbf%7Bx%7D_%7Bref%2Ci%7D)%5ET%20%5Cmathbf%7BQ%7D%20(%5Cmathbf%7Bx%7D_%7Bk%2Bi%7D%20-%20%5Cmathbf%7Bx%7D_%7Bref%2Ci%7D)%20%2B%20%5Csum_%7Bi%3D0%7D%5E%7BN-1%7D%20%5Cmathbf%7Bu%7D_%7Bk%2Bi%7D%5ET%20%5Cmathbf%7BR%7D%20%5Cmathbf%7Bu%7D_%7Bk%2Bi%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbf%7BS_x%7D%20%3D%20%5BA_k%2C%20A_k%5E2%2C%20A_k%5E3%2C%20%5Cdots%2C%20A_k%5EN%5D%5ET#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbf%7BS_u%7D%20%3DA_k%5E%7Bi-j%7DB_k#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbf%7BS_x%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbf%7BS_u%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbf%7BX%7D%20%3D%20%5B%5Cmathbf%7Bx%7D_%7Bk%2B1%7D%5ET%2C%20%5Cdots%2C%20%5Cmathbf%7Bx%7D_%7Bk%2BN%7D%5ET%5D%5ET#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbf%7BU%7D%20%3D%20%5B%5Cmathbf%7Bu%7D_k%5ET%2C%20%5Cdots%2C%20%5Cmathbf%7Bu%7D_%7Bk%2BN-1%7D%5ET%5D%5ET#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmathbf%7BX%7D%20%3D%20%5Cmathbf%7BS_x%7D%20x_k%20%2B%20%5Cmathbf%7BS_u%7D%20%5Cmathbf%7BU%7D#0
https://www.codecogs.com/eqnedit.php?latex=J%20%3D%20(%5Cmathbf%7BS_x%7D%20%5Cmathbf%7Bx%7D_k%20%2B%20%5Cmathbf%7BS_u%7D%20%5Cmathbf%7BU%7D%20-%20%5Cmathbf%7BX%7D_%7Bref%7D)%5ET%20%5Cmathbf%7BQ%7D%20(%5Cmathbf%7BS_x%7D%20%5Cmathbf%7Bx%7D_k%20%2B%5Cmathbf%7BS_u%7D%20%5Cmathbf%7BU%7D%20-%20%5Cmathbf%7BX%7D_%7Bref%7D)%20%2B%20%5Cmathbf%7BU%7D%5ET%20%5Cmathbf%7BR%7D%20%5Cmathbf%7BU%7D#0


 

​ Equation 3.12 is a prediction state calculated based on free response and the forced 
response from a nominal control input. Equation 3.12 is substituted into equation 3.7 for variable 

 and Equation 3.11 is substituted into equation 3.7 to replace . The result is equation 𝑥
𝑘+𝑖

𝑢
𝑘+𝑖

3.13, which will be used to set-up the quadratic programming problem. For the set-up used in 
this project vector  in equation 3.6 is the  is the state we want to minimize to reduce the 𝑣
response needed to achieve a state.  
 

 

  (3.14) 

 

  
 

(3.15) 

​ Equation 3.14 and Equation 3.15 can be retrieved from equation 3.13, they are the 
hessian matrix and linear term needed to be used with the quadprog function from matlab[30]. 
For the quadprog function to work it needs a hessian matrix, the linear term, constraint matrices, 
and upper and lower bounds for the optimal output. In this section the constraint matrices are left 
empty while adding the upper and lower bounds as the maximum force and moments shown in 
table 2.1 and 2.2.  
 
​ In order to get the full simulation to run, the calculated state vector and control input 
vector must be fed back into the dynamics block. In order to accomplish this, all simulink blocks 
in figure 3.2 were placed into a subsystem as the output of that simulink block was fed back into 
the inputs of that same simulink block. This was only done by also adding unit-delay blocks to 
the inputs of the final subsystem block. Initial state and control vectors were added to the data 
dictionary and loaded before simulation runs.  
 
 

 
Figure 3.2: Full nonlinear simulation 
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3.3 ​ Simulink first results 

 
Figure 3.3 First initial results of the nonlinear model predictive controller in the LVLH frame 
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Figure 3.4: First initial results of the nonlinear model predictive controller in the ECI frame 

 
​ Initial results showed that the controller did not achieve its target objective and it actually 
drifted away from the target vehicle. Many different attempts and changes were done to find the 
issue. The dynamics were checked for any inversion in which the accelerations were not aligned 
with the LVLH frame, the control inputs were also checked to see if the forces and moments 
coming out of the nonlinear model predictive controller were aligned in the LVLH frame. 
Debugging the issue led to altering the code so that the x reference state vector was always the 
target position. For the debugging the target position was set to 50 meters away from the target 
cubesat.  
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Figure 3.5: Debug results of the nonlinear mpc view 1 in the LVLH frame 

 
​ The results showed promise as the ending position of the chaser vehicle was much closer 
to the target vehicle. The initial look shows that the chaser vehicle overshoots the target vehicle 
and returns back to the target position. Seems when the x reference state vector is constantly 
asking for high error so the nonlinear model predictive controller is commanding high forces and 
moments to restore the ship back to the target position.  
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Figure 3.6: Debug results of the nonlinear mpc view 2 in the LVLH frame 

 
​ Upon a closer look it does look as the chaser vehicle is reaching the target location. In the 
rendezvous target it was set to 50 meters, so the chaser is close to that distance from the target. 
This shows that the nonlinear model predictive controller is working well.  
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Figure 3.7: Debug results of the nonlinear mpc view in the ECI frame 

 
​ The ECI frame plotting doesn’t show much and will not appear in the rest of the report as 
it does not give useful information. Perhaps in future iterations that are positioned farther away it 
will be used.  
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Figure 3.8: Debug results of the nonlinear mpc: forces in the LVLH frame 

 
​ Figure 3.8 shows a lot of binary forces and moments going from plus or minus max force. 
After nearly 700 seconds it seems that the control inputs on force become rapidly binary that it 
looks like a solid block of inputs. This can be interpreted as the cubesat has arrived at its target 
location and is holding its position.  
​  
​ Analysis of the simulation led to finding an error in how the x state vector was being fed 
into the reference trajectory generator block of code. An extra zero-order hold block was placed 
between the state vector and the input to the generated reference trajectory block, this caused an 
error in the reference state being fed into the nonlinear mpc solver.  The simulation was run again 
with the corrected issue and to further test the robustness the initial conditions were changed.  
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Table 3.1: Initial conditions and parameters for current simulation  

Parameter name Value 

Initial position of the chaser cubesat [-100;-100;100] meters 

Prediction window (N) 10 

Max thrust in any axis 0.1 N 

Max torque in any axis 0.006 Nm 

Initial euler angles [45;0;0] degrees 

 
 
 

 
Figure 3.9: Current results of the nonlinear mpc view in the LVLH frame 
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​  
​ The current simulations show that even with starting further away than other simulations 
and starting at a different attitude than the target cubesat, it still converges. Figure 3.9 shows an 
overshoot but not by much as it only goes 20 meters passed and then returns. Simulation may 
have run longer than needed as the chaser is going back and forth on trying to maintain the 
docking position which was set to 5 meters from the target cubesat.  
 
 

 
Figure 3.10: Current results of the mpc moments in the LVLH frame 

 
​ Figure 3.10 shows a lot of min and max response on torque to achieve and maintain a 
constant pitch angle needed for docking. This might suggest the cubesat might be under actuated 
in attitude control. Though it should be noted that currently the max torque is only from the 
reaction wheels and does not have any assistance from the thrusters as that has not been 
modelled in yet.   
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Figure 3.11: Current results of the nonlinear mpc forces in the LVLH frame 

 
​ The forces also seem to saturate to achieve the necessary movements to reach the target 
cubesat. This may lead to a review of the weights used on the Q and R matrices, potentially 
loosening up on how strict the thrusters respond. 
  

​  
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Figure 3.12: Current results of the nonlinear mpc velocity in the LVLH frame 

 
​ The velocity seems to hit a maximum of 100 m/s in the x axis of the LVLH frame. This 
suggests a strong response to increase orbit altitude to match the target vehicle position. Y and Z 
velocity shows constant velocity than a couple of spikes, suggesting corrections needed to keep 
to the target position set from the reference trajectory.  
 

 

40 



 

 
Figure 3.13: Current results of the nonlinear mpc attitude in the LVLH frame 

​  
​ Figure 3.13 shows the corrections done to the Euler angles of the cubesat to align with 
the target's reference alignment. The target cubesat reference alignment was kept to not deviate 
from the LVLH frame. There seems to be a response from in roll and yaw when the chaser 
cubesat is correctly for pitch, this will need to be resolved in future iterations. A lot of oscillation 
in pitch with the nonlinear model predictive controller attempting to correct for pitch angle, this 
suggests revisiting the Q matrix and elements relating to the quaternions.  
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Figure 3.14: Current results of the nonlinear mpc position in the LVLH frame 

​  
​ Figure 3.14 shows the position change of the chaser cubesat relative to the target cubesat. 
The chaser vehicle does better at zeroing out the x position between the target vehicle than the 
other axis. This may be most optimal as it seems to prioritize changes in orbit altitude over fine 
adjustments in y and z in the LVLH frame. Oscillations seen on the position seem to occur after 
the 50 m mark, this suggests that the docking phase in the code has been activated and the new 
target position for the chaser cubesat is 5 meters from the target cubesat. The x position seems to 
show that it is slightly off zero which indicates an attempt to hold that 5 meter distance from the 
cubesat, this suggests the code is working well as the docking distance was set to 5 meters away 
from the target cubesat. 
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4.​ Implementation of the NMPC 
 

4.1 ​ Force and moment availability 
 
​ Section 3 demonstrated architecture of the nonlinear model predictive controller in a 
simulink environment. It used a constant constraint on the maximum force and moments 
achievable shown in table 3.1. In order to increase the fidelity of the model, the orientation of the 
cubesat must be taken into account to correctly obtain the maximum force and moment available 
 

Based on the thrusters orientation described in section 2.3, the maximum thrust and 
moment produced by the thrusters can be calculated in the body frame at the beginning of the 
simulation. A new matlab function block will need to be added before the nonlinear model 
predictive controller in order to determine the maximum force and moment available in the 
LVLH frame. The availability in the forces and moments are determined by the attitude of the 
cubesat at any given moment in the simulation.  
 

 

 
Figure 4.1: Max actuation block (cyan) 

 
​ The max actuation block in cyan coloring is the new block added to the simulation 
presented in figure 3.1. Also modified is the Nonlinear MPC solver block, the changes include 
new inputs which will be the outputs from the max actuator block. Not only does the block 
calculate the maximum force and moment available from the thrusters, it also calculates the 
maximum moment that can be provided by the reaction wheels in the LVLH frame. This ensures 
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that the MPC solver is not requesting more than what is available in terms of control authority 
adding the fidelity of the simulation.  
 

 
Figure 4.2: Thrust available, body Z-axis aligned with LVLH Z-axis 
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Figure 4.3: Thrust available, body Z-axis aligned with LVLH Y-axis​
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Figure 4.4: Thrust available, body Z-axis aligned with LVLH X-axis 

 
Figure 4.2 to figure 4.4 demonstrate the maximum available thrust given the thruster 

configuration shown in figure 2.4 and 2.5. Each plot demonstrates which direction is the cubesat 
most strongest and weakest when aligned with one of the major axes in the LVLH frame. This is 
useful information as it depicts which orientation the cubesat should be in if high thrust is 
needed. That information is translated into which orientation the reference trajectory should 
request to the NMPC solver to maximize performance.  
 
4.2 ​ Adding atmospheric drag 
 
​ This section will discuss adding nonlinearity to our model by incorporating atmospheric 
drag into our simulation. Equation 2.17 displays how atmospheric drag is calculated with most 
variables relatively easy to calculate. Some variables are not readily available, for example, the 
cross-sectional area  area term will need to be calculated by determining the direction of the 𝐀

velocity vector. The term  itself is called the ballistic coefficient and for a 3U satellite is  
𝐶

𝐷
𝐀

𝑚
𝑐
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roughly between 70-100 [17]. This will serve as a baseline to determine if our drag 𝑘𝑔/𝑚2

modeling matches other 3U cubesats. 
 

As for the calculation of the atmospheric drag, the only variable to be constantly 
changing will be the cross-sectional area as the cubesat maneuvers to rendezvous and dock with 
its target vehicle.   

Table 4.1: Recap of cubesat drag parameters 

Parameter name Value 

Cubesat mass 5 kg 

Drag Coefficient [17] 2.2 

Cubesat Dimensions (LxWxH) 0.10 x 0.10 x 0.30  𝑚

Minimum Area (small face) 0.01  𝑚2

Maximum Area (large face) 0.03  𝑚2

 
​ Table 4.1 recaps the constant variables used to determine the atmospheric drag. The 
minimum and maximum area is included as it is used in the code to ensure that the area is 
physically correct and can not be miscalculated to an unrealistic value. A combination of the 
cubesat dimensions and the velocity vector in the LVLH frame will be used to determine the 
effective area for drag calculations. All changes will be made to the equations of motion 
dynamics block where the input to the block is the x state vector shown in equation 2.20. The 
method of calculating the effective area begins with using the quaternions that are in the state 
vector to calculate the rotation matrix to convert values from LVLH frame to the body frame of 
the cubesat. With the rotation matrix calculated at each time step, the unit velocity vector in the 
body frame can be computed.  

 

 

(4.1) 

 
​ Equation 4.1 calculates the effective area through summation of the projected area onto 
the velocity vector. The summation is through 6 iterations, each having to represent one face on a 
cubesat. The term  is the calculated area at each face on the cubesat and the term  𝐴

𝑑𝑟𝑎𝑔,𝑖

represents the normal unit vector of that area. The term  is unit velocity vector that is 
calculated from the state vectors velocity vector and quaternions at each step. The effective area 
is then used in equation 2.17 to calculate the effective atmospheric drag.  
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After implementation of the drag model and implementation of a realistic force and 
moment availability, we will conduct the same simulation and compare to the results shown in 
section 3 of this report.  
 

 
 

Figure 4.5: Results of the NMPC with atmospheric drag  
 

​ Comparing results to figure 3.9, it seems that the nonlinear mpc is having  more 
difficulties with station keeping for docking than before the new changes. Though it appears that 
the rendezvous part of the controller is working similarly as the cubesat has little difficulty 
reaching the target cubesat.  
 

48 



 

 
 

Figure 4.6:  NMPC position in the LVLH frame with atmospheric drag 
 

 
Figure 4.7:  NMPC velocity in the LVLH frame with atmospheric drag 
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Figure 4.8: NMPC cubesat attitude in the LVLH frame with atmospheric drag  

 

 
 

Figure 4.9: NMPC cubesat forces in the LVLH frame with atmospheric drag 
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Figure 4.10: NMPC cubesat moments in the LVLH frame with atmospheric drag 

 
​ One key difference is the improvement in realistic forces being commanded by the 
nonlinear mpc. Comparing figure 4.9 to figure 3.11, the forces are no longer commanding 
between maximum and minimum force. Seems the improvements applied in section 4.1 have 
made it for the controller to not saturate on forces commanded. Though it is noted that saturation 
still occurs on the y-moment control for cubesat. This indicates too high weights on the attitude 
precision in the R matrix.  
 
4.3 ​ Adding J2 gravitational perturbation 
​  
​ The J2 effect is one of the primary non-spherical perturbations of Earth’s gravity field, 
which is the harmonic coefficient due to the Earth’s oblateness [31]. This effect is the most 
dominant among the other coefficients for orbits near earth [31]. Since the target cubesat and 
chaser cubesat are in LEO, the Earth’s oblateness will impact them with significant gravitational 
disturbances. To further increase the fidelity of the project’s simulation and to capture the 
nonlinear dynamics between the cubesats the j2 effect must be modelled and added to the 
equations of motion derived in equations 3.2 to 3.4.  
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(4.2) 

 
​ Equation 4.2 represents the j2 acceleration effect on the xyz axis in the Earth Centered 
inertial frame [31]. This effect is seen on both the target and chaser cubesat, since the dynamics 
calculated are in the LVLH frame, a differential between the two is calculated and added to 
equations 3.2-3.4.  
 

   (4.3) 

 
Equation 4.3 represents the differential acceleration between the chaser and target 

vehicle. The differential equation is used since both vehicles are experiencing the J2 effect. To 
simplify the differential equation, the target cubesat will be in an equatorial orbit, giving the 
target vehicle only a J2 effect in the x_axis. For the first simulations only a small offset will be 
used for the cross-track thus simplifying the equations further for the chaser cubesat.   
 

  

 
 

(4.4) 

 

 

 
 

(4.5) 

 

 

 
 

(4.6) 

​ Since simulation will only run orbits with negligible cross-track offset from the cubesat, 
the z term in equation 4.2 is zero and equations 4.4, 4.5, 4.6 are the accelerations affecting the 
chaser and the target cubesat. The only differential to calculate is the x-terms between the chaser 
and target vehicle. The differential between equation 4.4 and 4.5 is added to the right hand side 
of equation 3.2 and equation 4.5 will be added to the right hand side of equation 3.3.  
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4.4 ​ Modeling fuel consumption  
 
​ Section 3 of this report demonstrated the performance of a nominal model predictive 
controller with mass held constant. This section will discuss how modeling fuel consumption 
will improve the fidelity of our model. In order to incorporate the fuel consumption into the 
model presented in section 3, a few of the matlab blocks will need to be altered.   
 
 

 
Figure 4.11: Changes to equation of motion block 

 
​ The first block to be altered is the equations of motion block. In this block the mass of the 
chaser cubesat is now an input to the equations of motion. Since mass will be an ever changing 
variable with fuel consumption being modeled it will have to be an input to the equation of 
motion block. Also in the calculation of jacobians block, mass will have to be an input as well 
since in that block it also uses the dynamics matlab function.  
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Figure 4.12: Changes to nonlinear model predictive controller block 

 
 

​ Figure 4.12 shows that the current impulse is needed to be added as an input to the 
nonlinear model predictive controller solver. This change isn’t needed for fuel consumption 
modeling but will be needed for future gain tuning. The solver will need to know the amount of 
impulse left as fuel is consumed in order for future gain tuning. The solver will need to adjust the 
cost function gains as fuel is being consumed, this will be discussed in the next chapter.    
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Figure 4.13: Introduction of cubesat mass block 

 
​ Figure 4.13 shows the new matlab function block that was added into the simulation. In 
this block, the fuel consumed is calculated and outputs the new mass based on the fuel consumed 
by the optimal force output from the nonlinear model predictive controller solver. This function 
takes in the mass and impulse used for the dynamics and takes the nominal control output to 
calculate the reduction in mass and available impulse of the cubesat for next timestep.  
 

 

  

(4.7) 

 
​ Equation 4.7 shows the calculation of mass flow rate via the division of the magnitude of 
thrust by the multiplication of gravity and specific impulse. The mass flow rate is then multiplied 
by the sample time of simulation to retrieve the mass reduction of fuel per each timestep. The 
calculation of reduction in available impulse is calculated by multiplying the sample time step by 
the magnitude of the thrust vector. The mass and impulse reductions are tracked to add a 
protection to the simulation, in the event mass or available impulse reaches zero, all thrusting is 
set to zero.  
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Figure 4.14: Overall changes to full nonlinear model 

 
​ Figure 4.14 demonstrates the external changes needed to the full nonlinear model to add 
fuel consumption to the simulation. Comparing figure 4.14 to figure 3.2, a key difference is in 
the two new inputs and outputs to the model. The variables are the mass and impulse. As shown 
in figure 4.13, the updated mass and remaining impulse are calculated at the end of the 
simulation, this in turn is fed back into the model as the new inputs to the simulation. Delay 
blocks are added with initial conditions hard coded in them. At the first timestep the mass and 
impulse feedback into the model is merely the starting conditions of the cubesat.  
 
4.5 ​ Refining mission phases 
 
​ By looking at the results shown in section 4.2, it is clear that one set of gains is not 
sufficient to create a sufficient nonlinear model predictive controller. Figure 4.7 shows constant 
fluctuations on pitch attitude of the spacecraft. While the attitude of the spacecraft is important 
during the docking phase, it is not as crucial during the rendezvous phase. The gains on the R 
matrix can be relaxed during the rendezvous phase and increased during the docking phase. Fuel 
consumption also added another layer of optimization needed for the cost function. As fuel is 
depleted a penalty can be imposed on the gains in the R matrix related to thrust to minimize fuel 
consumption. Currently the simulation has been utilizing two phases of the mission with one set 
of gains. Those two phases are the rendezvous and docking phase. Each phase is dictated by the 
normal distance between the target and chaser cubesat. This section will review the phases of the 
mission and how the solver can be optimized at different phases of flight.  
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​  
​ Many rendezvous missions incorporate many different phases in the rendezvous mission 
before a straight line approach for the docking phase [31]. For most of this report the rendezvous 
phase has been simulated to be close to the target before the MPC simulation is run. Each 
attempt to simulate beyond 1 kilometer has resulted in low performance of the nonlinear MPC 
solver. New strategies are needed to further increase the capabilities of the nonlinear MPC for a 
long rendezvous and docking mission.  
 

 
Figure 4.15: Example of V-bar approach [31] 

 
​ Figure 4.11 demonstrates an example of the V-bar approach strategy for the European 
ATV project to ISS [31]. This approach breaks down the rendezvous and docking mission into 5 
phases [31]. The first phase places the chaser vehicle within communication range which is 3-5 
kilometers away from the target vehicle [31]. Phase 2 requires the vehicle to conduct a Hohmann 
transfer so that it is 2 kilometers from the target vehicle [31].  Phase 3 requires the chaser 
conduct a radial boost transfer to bring the chaser vehicle within 250-500 meters of the target 
vehicle [31]. Phase 4 is the final approach where the chaser vehicle will attempt to dock with the 
target vehicle. The nonlinear MPC developed in section 3 and 4 have been with the focus on 
phase 3 and 4. Incorporating new phases will also require a new set of gains for each phase. Each 
new phase will also need to have its reference trajectory determined so that the target hold 
position can be adequately evaluated within the MPC solver. 
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Table 4.2: Mission constants for simulation  

Phase # Mission Phase Mission Region 

Phase 3 Homing Phase 5000 m < Target > 2000 m 

Phase 2 Closing Phase 2000 m < Target > 1000 m 

Phase 1 Final Approach Phase 1000 m < Target > 50 m 

Phase 0  Docking Phase 50 m < Target > 1 m 

 
​ Table 4.2 lists the phases that will be implemented on the project instead of the two 
phases of rendezvous and docking. Each phase will introduce a new set of gains for optimizing 
the force and moment commands. Another area that will be impacted with this introduction will 
be the reference trajectory as that can be altered to fit the nominal x state needed for the MPC 
solver to solve.  
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5.​ Refining nonlinear MPC 
 
5.1 ​ Refining reference trajectory  
 
​ In section 3.2 of this report, the simulink set-up was discussed and in that set-up was the 
way the reference trajectory was being used for the nonlinear model predictive controller. That 
set-up was a simple line trajectory tracking the position of the chaser vehicle to the target 
vehicle. This set-up was used to focus on close targets for shorter simulation time. Since the 
reference trajectory was set-up as a straight line the MPC solver demands high forces and 
moments since the trajectory is in constant error. While a straight line nominal reference 
trajectory may be sufficient when operating in the final approach phase or closer, it does not 
work well for mission phases farther out.  
​  
​ The role the reference trajectory plays with the MPC solver is providing a reference state 
for the solver to track. This means each phase has a nominal path and state must be determined 
for the solver to achieve. Currently the reference trajectory uses a reference position to target and 
the MPC solves until that error between the target position and the vehicle position is zero. Other 
considerations are the other states, such as the velocity and quaternions. Currently the velocity in 
the reference trajectory has velocity limits as well defining how fast the vehicle is allowed to 
move in a given mission phase.  
​  

Table 5.1: Reference trajectory speed limits 

Mission Phase Speed limits 

Homing Phase 10 m/s 

Closing Phase 2 m/s 

Final Approach Phase 0.5 m/s 

Docking Phase 0.3 m/s 

 

5.2 ​ Line of sight constraint 
 
​ The nonlinear MPC solver until now has been using an arbitrary point in space to target 
as it rendezvous and docks. This is sufficient for development but when it comes to more specific 
details of docking, more constraints are needed to be applied.  
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Figure 5.1: Cubesat orientation relative to LVLH frame 

 
​ Figure 5.1 displays the orientation of the cubSat body frame relative to the LVLH frame. 
In figure 5.1, The cubesat body frame is a single rotation about its y-axis which is coincident 
with the z-axis of the LVLH frame. This only represents the ideal frame translation when in the 
rendezvous phase and docking phase as it gets closer to mating with the target cubesat. Based on 
figure 4.2, having the body frame z-axis aligned with the LVLH frame z-axis allows the chaser 
vehicle to produce max thrust in the x and y axis in the LVLH frame. Also to avoid adding 
another matrix transformation, allocation and constraints were solved with the body frame and 
LVLH frame aligned in every axis. The orientation of the cubesat is of importance to the MPC 
solver as it will have to incorporate the final resting position for docking. In order for the MPC 
solver to begin to incorporate this, a final docking position must be selected. For simplicity of 
this report, the specifics of the mating mechanism for the docking will not be explored, it will be 
assumed to be a magnetic contact surface. 
 

 
 

60 



 

 
Figure 5.2: Example of cubesat docking [32]  

 
​ Figure 5.2 demonstrates a magnetic contact between two cubesats. This will be the 
strategy for the simulation to have the chaser vehicle connect via the z-axis to the target vehicle. 
The connection point will be the bottom of the target vehicle to the top of the chaser vehicle. In 
order to improve the MPC solver for this docking, a line of sight constraint must be added.  
 

 
Figure 5.3: Line of sight shaded region 
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​ A line of sight (LOS) constraint is typically defined as a cone with a half-angle [15]. 
The half angle is defined as the angle from the origin, therefore the whole shaded region covers 
an area with the angle .  
 

   (5.1) 

 
​ Equation 5.1 lists the constraint that will be added to the MPC solver when in the docking 
phase of the simulation. This constraint will be added to the simulink nonlinear MPC solver to 
ensure that when the chase vehicle is in the docking phase that it also prioritizes staying within 
the shaded region of the target vehicle. As to not affect other constraints, this will only be active 
when in the docking phase.  
 
​ The solver used in the MPC is a quadprog solver, it requires linear constraints[33]. In 
order to do so, equation 5.1 is linearized into a set of planar constraints. Instead of enforcing a 
smooth round cone as a constraint as shown in equation 5.1, the constraint is altered into 4 
distinct bounding planes that represent a square pyramid. The four planes are constructed from 
equation 5.1 by decoupling the y and z axes.  
 

  
 

(5.2) 

 

  
 

(5.3) 

Linearizing the geometric constraints preserves the compatibility with the quadprog 
matlab function. The theta used in the constraints originally was the max angle used to create the 
constraint cone, but this fixed constraint crashed the simulations a few times, therefore it was 
created to be a dynamic cone angle depending on the position of the target vehicle when 
approaching. The simulation was set-up to calculate the current angle between the position 
vector of the chaser cubesat and the centerline approach axis (the x-axis). If the calculated angle 
was greater than the original hard coded max angle constraint, it would switch the constraint 
theta angle to where the chaser vehicle was, this provided a feasible solution for the quadprog to 
solve without crashing the simulation. If the chaser vehicle was in the max hard coded theta 
angle it would continue to use that angle as the constraint. Following the structural logic of the C 
matrix of a previous reported line of sight constraint implementation, a state space output matrix 
can be constructed for this project [15] 
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(5.4) 

While the original method introduced in previous reports embedded complex, 
time-varying coordinate functions due to a rotating target vehicle, this project uses a more 
simplified approach since the target vehicle is cooperative and non-rotating. The only elements 
in the C matrix represent the line of sight constraints. To enforce the constraints into the 
quadprog matlab function, it must be restructured to match the implementation in section 3.2 of 
this report.  
 

  
 

(5.5) 

Equation 5.5 is the linear constraint listed in the description of the quadprog matlab 
function on their website [33]. This constraint must work with the implementation described in 
section 3.2. Since the state we want to constrain is the A matrix in equation 5.5, we can use the 

 matrix in equation 5.4. As for the x term, that was determined to be  in section 3.2 and be 𝐶
𝑙𝑜𝑠

used in equation 5.5. The combination of those two terms determine how the control inputs at 
each time step affect the future boundary violations. For this project the b term in equation 5.5  
can be described as the amount of room available before the spacecraft hits a constraint 
boundary. This term is calculated based on the difference between the hard limit at the edge of 
the line of sight cone and the location of the chaser vehicle relative to the line of sight boundary.  
 

  
 

(5.6) 

 

  
 

(5.7) 

Equation 5.6 demonstrates creating a matrix that represents where the spacecraft would 
be relative to the line of sight boundary if provided zero control input over the prediction 
horizon. The term  is the free response of the chaser vehicle over the prediction horizon, and 
when multiplied by x state vector, it provides the predicted states of the chaser vehicle over the 
full prediction. The product of those two terms are multiplied by the  matrix to isolate the 
position vectors and to map the x position to the tangent of theta used for the line of sight 
constraint. The  term is similar  but only maps the x axis position. This term is a scalar 𝑏

𝑚𝑎𝑥
𝐶

𝑚𝑜𝑑
term that acts as a free-response baseline for max corridor boundary for the inequality constraint 
in equation 5.7. Subtracting  from  produces the remaining constraint space to be used 𝐶

𝑚𝑜𝑑
𝑏

𝑚𝑎𝑥
in equation 5.5.  
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Implementing this constraint into the solver caused an error in the simulation. The 
constraint was too rigid. Therefore to ensure numerical stability and solver feasibility, the line of 
sight constraint was implemented as a soft constraint. Two items were done to enforce the soft 
constraint. One was adding 0.2 value to the  this ensures that there will always be a buffer in 𝑏

𝑚𝑎𝑥
the constraint space, when b was 0, there were errors in the simulation. The second was the 
introduction of a slack variable. The variable will be listed at the last column of the product of  𝐴
and x in equation 5.5 is set to -1. For this project that means the last column of the product 
between  and . This allows the quadprog solver to break the constraints at high cost if no 
feasible path exists, thus preventing the simulation from crashing.  
 

5.3 ​ Actuation allocation  
​ The cubesat designed for this report has 12 actuators. The 12 actuators are broken up into 
8 unidirectional thrusters and 4 reaction wheels. Each thruster can provide almost instantaneous 
force while each reaction wheel provides a torque that adds a cumulative moment in the body 
frame of the cubesat. Section 4.1 of this report covers how the system has been handling 
maximum force and moment availability. This block only calculated the maximum force and 
moments available depending on the orientation of the vehicle. Since the thrusters were mounted 
in fixed positions and are unidirectional they only had a specific maximum thrust in 3 axes of 
LVLH frame for a given orientation. The thrusters can also provide moments that can be 
complimentary to the moments provided by the reaction wheels, The reaction wheels have a 
maximum and minimum torque that can be provided in the body frame based on their datasheet 
[20]. Since the MPC solver only solves the nominal force and moment output, it falls short of 
providing how the cubesat achieves the force and moments from its actuators. Aside from the 
MPC solver, an allocation scheme is required to determine the system inputs for the thrust for 
each thruster and torque for each reaction wheel to achieve the nominal force and moment 
command.  
 
 
​ The advantage of having an allocation scheme alongside the MPC solver, is that while the 
MPC focuses on what is needed from the system to achieve its desired location, the allocation 
scheme focuses on how to allocate actuator resources to meet force and moment demands. 

 
The next approach was to tackle the allocation scheme as a quadratic programming 

optimization problem. Similar to the current MPC solver, the matlab function quadprog [33] can 
be set-up to solve for the allocation of actuator inputs for a given nominal force and moments 
input.  
 

  (5.8) 

 

  (5.9) 
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Equation 5.8 is the actuator array consisting of thrust commands for each thruster and 
additionally the torque commands for each reaction wheel listed in section 2.3. Equation 5.9 is 
the objective function used for allocation to minimize error between actuator response and 
requested, while also minimizing the control effort. The matrix  maps thruster outputs and 
torques outputs from the reaction wheels to a 6x1 vector representing the LVLH frame forces and 
moment. The matrix was derived from equations 2.1-2.6. By subtracting that 6x1 vector from the 
nominal  produced from the nonlinear MPC, a state vector can be created to be using their 𝑢

𝑏𝑜𝑑𝑦

difference. The  matrix can then choose which element in that force and moment vector to 
prioritize in reducing the difference. The  matrix is then left with the actuator state vector to 
penalize usage 

 
 

(5.10) 

 

  (5.11) 

 

  (5.12) 

 

    (5.13) 
 

​ The objective function shown in equation 5.9 must be placed in a quadratic programming 
problem as shown in equation 5.10 [33]. This is the same equation used in equation 3.6 for 
solving the nonlinear MPC cost function. Equation 5.9 was expanded into 5.11 to isolate the 
terms to equate to equation 5.10 [34]. This expansion allows for equations 5.10 to 5.11 to be 
equated and find equations for H and f. The result is equations 5.12 and 5.13, these are the inputs 
to the quadratic programing solver function MATLAB provides [33].  
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Figure 5.4: Allocation block in simulation 

 
​ Figure 5.4 shows the simulation set-up for debugging when implementing the allocation 
scheme. Before including its effect into simulation, a comparison was made to view the impact 
of allocation on the force and moment output. The simulation calculates the allocation 
commands for every control input provided by the MPC and then uses the actuator inputs to 
output the force and moment produced. Those outputs are saved but not feedback into the 
simulation for debugging purpose 
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Figure 5.5: Force comparison from allocation scheme 
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​  

Figure 5.6: Moment comparison from allocation scheme 
 

 
​ Figure 5.5 and 5.6 display the comparison of the force requested from the MPC and the 
force produced by the allocation scheme. Although the MPC is not tuned and is heavily 
aggressive in reaching its target and depending nearly on maximum forces and moments, the 
allocation is able to nearly keep up. The only areas of concern would be the Mx moment but this 
will be addressed in section 6 after gain tuning has occurred.  
 
5.4 ​ Current results from increased model fidelity 
 
​ As model fidelity has increased, it is best to check on how the simulation runs for all 
phases of the mission. The first simulation starts the target position of 500 meters away in the 
R-bar axis (x axis in the LVLH frame), 4 km away in the V-bar axis (y-axis in the LVLH frame), 
and 500 meters away in the cross track axis (z axis in the LVLH frame). Based on Table 4.1 this 
will start the simulation in phase 3.  
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Figure 5.7: Trajectory when starting in phase 3 

 
​ From figure 5.7 it is clear the simulation diverges and does not reach the target when 
starting in a phase 3 location.  
 

 
Figure 5.8: Forces from the homing phase 
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Figure 5.9: Moments from the homing phase 

 
 

​ Figure 5.8 and 5.9 display the force and moments on the cubesat when trying to reach the 
target from a phase 3 location. It is clear that the NMPC is requesting forces that the thrusters can 
not produce. From figure 5.10 we see that the y position and x position has huge errors as they 
go past the 0 point on the graph, this suggests a higher penalty on position and possibly the S 
gain.  
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Figure 5.10: Position of chaser vehicle 

 

 
Figure 5.11: Velocity of chaser vehicle 
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Figure 5.12: Attitude of the chaser vehicle 

 
 
 

 
Figure 5.13: Phase change during simulation  
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​ Figure 5.11 shows a massive increase in x speed, the gains will have to be tuned to avoid 
high errors from the max velocity. Also might suggest the reference trajectory might need to 
incorporate a speed brake to avoid high velocities when reaching a target hold point as the gains 
will change when entering one phase and exiting another. Figure 5.13 displays phase changes, so 
at one point the chaser does get close enough to enter final approach but then swings out and 
flies away, this definitely suggests the chaser cubesat is coming in too fast.   

 
 

​  
 
 

 
Figure 5.14: Trajectory from second simulation run starting phase 1 with line of sight constraint 
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Figure 5.15: Line trajectory starting in phase 1 
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Figure 5.16: Chaser position starting from phase 1 

 

 
Figure 5.17: Chaser velocity starting from phase 1 
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Figure 5.18: Chaser force input starting from phase 1 
 

 
Figure 5.19: Phase change during simulation 

 
​ Figures 5.14 to 5.19 display the results for nonlinear MPC when starting in phase 1. This 
simulation starts the chaser at 500 meters away in all three axes. From figure 5.14 and figure 
5.15, the nonlinear MPC is successful in reaching the target cubesat and bonus it stays within the  
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line of sight cone implemented in this section. The reaction of the cubesat is very clean with 
oscillations in attitude or velocities. A similar test was conducted for a simulation start in phase 
2, but similar results were concluded from the simulation in phase 3.  
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6.​  Nonlinear MPC results and discussion 
6.1 ​ Improvements to simulation  
 
​ The results shown in chapter 5 demonstrated that the controller worked for missions 
between final approach phase and the docking phase which are listed in table 4.1. Though gain 
tuning is required to achieve more realistic demands of the thrusters and reaction wheel, the 
current controller gains still achieve the objective between those two phases. The issues were 
present between the homing phase and the closing phase. Based on the discussion in chapter 5, 
the reference trajectory script was altered to switch between the straight line approach to a 
reference trajectory that considers the curvature of the chaser cubesat.  
 

  (6.1) 

 
​ Equation 6.1 demonstrates the straight line approximation of the state estimating the 
position using the current velocity command. This approach has worked for the final approach 
phase and the docking phase but has failed the phases when the chaser vehicle is far away.  Since 
the MPC solver is using linearized A and B matrices at every point, the reference trajectory can 
use linearized equations to create a reference state that will be used by the MPC solver. Creating 
a reference trajectory more along the lines of an orbital path rather than a straight line path.  
 

  (6.2) 

 

   (6.3) 

 

  (6.4) 

 
The above equations are the clohessy-wiltshire equations [35]. The matrices are defined 

as , , , and , they correspond to coefficients used in defining the relative position Φ
𝑟𝑟

Φ
𝑟𝑣

Φ
𝑣𝑟

Φ
𝑣𝑣

and velocity between a chaser and target using the clohessy-wiltshire equations [35].  
 

 

 
 

(6.5) 
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(6.6) 

 

 
 

(6.6) 

 
​ The equations above demonstrate how the state reference position is calculated when the 
chaser is in the closing phase and the homing phase. Equation 6.1 is still used during the final 
approach and docking phase, where equations 6.5-6.7 are used for phase 2 and 3.  The use of 
these functions can be seen in the appendix-C.  
 
​ Another change to the simulation made was to the calculation of the jacobains. Originally 
an  of 1e-6 was used to create the perturbation needed to calculate the discretized A and B ϵ
matrices. This proved to not work for longer range missions. The  was increased to 1e-9 which ϵ
yielded better results as phase 2 eventually converged when originally it drifted away from the 
target similarly figure 5.7 with starting the simulation from phase 3.  
 
​ Another implementation occurred on the reference trajectory function. As noted in 
section 5, the velocity of the cubesat was too high, so a braking parameter was added to the 
velocity state reference coming from the reference trajectory function. At each phase there is a 
maximum velocity command detail in table 5.1, this velocity maximum must be altered when 
getting close to the phase target hold spot. ​
​
 

 

 
 

(6.7) 

​ Equation 6.7 is the equation used to reduce the maximum velocity coming out of the 
reference trajectory function block shown in figure 3.1. The distance in the equation is the norm 
of the chaser’s state position minus the phase’s target hold point. Only when the norm of that 
state position is less than the calculated distance in equation 6.7 will the velocity reference 
command be reduced. Each phase will have its own braking distance as some phases have higher 
velocities to deal with and need longer distances to slow down.  
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Table 6.1: Phase breaking distance 

Mission parameter Breaking distance 

Phase 3  600 meters 

Phase 2  300 meters 

Phase 1  150 meters 

Phase 0  50 meters 

​  
6.2 ​ Gain tuning  
 
​  Since the NMPC has many parameters to tune, manual tuning will be attempted with 
keeping certain variables fixed. Future projects may introduce some optimization scheme to 
optimize all parameter gains but that is outside the scope of this project. The table below will 
showcase the parameters used before manual gain tuning, along with new updates from the 
previous chapter. The prediction horizon and prediction sample time will remain fixed as they 
have been shown to be sufficient in previous chapters.  
 
 

Table 6.2: Fixed parameters 

Mission parameter Value 

Phase 3 target position  [500;2000;100] meters 

Phase 2 target position [200;500;100] meters 

Phase 1 target position [80;2.0;0.5] meters 

Phase 0 target position [1;0;0] meters 

Prediction horizon (N) 20 

Prediction sample time 0.2 

 
​ Table 6.2 displays the values that will remain constant throughout the gain tuning 
process.  
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Table 6.3: Simulation parameters prior to tuning  

Mission parameter Value 

Phase 3 Q gains [20;20;20;1000;1000;1000;1;1;1;1;1;100; 
100;100]  

Phase 3 R gains [0.01;0.01;0.01;5;10;5]  

Phase 3 S penalty 1000 

Phase 2 Q gains [10;20;10;50;10;10;1;1;1;1;1;10;10;10]  

Phase 2 R gains [0.1;0.1;0.1;5;10;5]  

Phase 2 S penalty 500 

Phase 1 Q gains [20;20;20;10;10;10;1;1;1;1;1;10;10;10]  

Phase 1 R gains  [10, 10, 10, 5, 10, 5]; 

Phase 1 S penalty 500 

Phase 0 Q gains [20;20;20;10;10;10;50;50;50;50;50;10;10;10]  

Phase 0 R gains [1, 1, 1, 0.1, 0.1, 0.1]; 

Phase 0 S penalty 500 

 
Table 6.3 demonstrates the gains used for phases in section 5. Since phase 1 and 0 

worked extremely well, gain tuning will occur on phases 2 and 3 for this section. The objective is 
to run a simulation starting in phase 3 and reaching the docking port of the target cubesat.  
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Table 6.4: Simulation parameters after manual tuning  

Mission parameter Value 

Phase 3 Q gains [100;200;50;2000;1000;10;1;1;1;1;1;10; 
10;10]  

Phase 3 R gains [0.4;0.3;10;5;10;5]  

Phase 3 S penalty 1000 

Phase 2 Q gains [200;199;50;20879;1000;10;1;1;1;1;1;10;10;10]  

Phase 2 R gains [0.3932;0.2919;10;5;10;5]  

Phase 2 S penalty 100 

Target position phase 3 [1000;4000;500] 

Target position phase 2 [500;2500;500] 

 

 
Figure 6.1: Results when starting in phase 3 after gain tuning 
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Figure 6.2: Docking results from phase 3 
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Figure 6.3: Phase transition during phase 3 simulation 

 

 
Figure 6.4: Phase 3 position convergence to docking position 
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Figure 6.5: Forces from phase 3 mission 

 

 
Figure 6.6: Moments from phase 3 mission 
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Figure 6.7: Velocity from phase 3 mission 
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Figure 6.8: Chaser attitude from phase 3 mission 

 
​ Figure 6.1-6.8 demonstrates the performance of the NMPC when starting 4000 meters 
away and is in phase 3. Even though the trajectory took a drastic turn away from the target, it 
recovered and was able to locate the target cubesat. The docking needed work as it was very 
oscillating around the line of sight. The y velocity seems to oscillate as well when close to 
docking, it would be recommended to increase the y-velocity gain in the Q-matrix if not for 
figure 6.8. Figure 6.8 shows the attitude of the chaser vehicle which seems to spike in some 
attitudes and never really settles. This suggests that perhaps an increase in the angular velocity or 
attitude states in the Q matrix is required in both the docking phase and phase 3. Giant tuning for 
phase 3 is difficult since running simulations takes time when the chaser cubesat is far away, the 
current simulation to go from phase 3 to dock is roughly ten thousand seconds.  
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Figure 6.9: Results when starting in phase 2 after gain tuning 
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Figure 6.10: Docking results from phase 2 
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Figure 6.11: Phase transition during phase 2 simulation 
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Figure 6.12: Phase 2 position convergence to docking position 
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Figure 6.13: Forces from phase 2 mission 

 

 
Figure 6.14: Moments from phase 2 mission 
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Figure 6.15: Velocity from phase 2 mission 
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Figure 6.16: Chaser attitude from phase 2 mission 

 
​ Figure 6.9-6.16 demonstrates the performance of the NMPC when starting in phase 2. 
The simulation started in phase 2 but quickly entered phase 1. Future tests may require starting at 
a distance further away to fully test phase 2. Seems new gains might be too strong as they 
enforce a lot of attitude changes early on and cause even more oscillations in moment input than 
phase 3. The docking worked excellent as figure 6.10 shows a trajectory entering the line of sight 
cone. One observation is that the simulation ran for 7000 seconds and even after getting close to 
docking around 4000 seconds, it wasn’t until after 5500 seconds did the oscillations in the chaser 
cubesat attitude eventually dampen out. Even though starting a mission in phase 2 resulted in a 
great trajectory, there is still improvement needed to be made on the controller to improve 
robustness.  
 
 
 

94 



 

6.3 ​ State noise robustness and MPC validation  
 
​ The results presented earlier assumed a full state feedback for the nonlinear MPC. In a 
realistic environment the MPC would only receive state feedback from the sensors onboard the 
cubesat. Ideally the sensors onboard would be able to provide measurements to calculate or 
estimate each state in equation 2.20. Since the sensor model was not created for this project and 
saved for future development, a simple case of adding noise to the state vector will be introduced 
to test the robustness of the nonlinear MPC.  
 
 

  
 

(6.8) 

​ The term w in the equation 6.8 represents a random noise being added to the state vector 
described in equation 2.20. Accuracy of position and velocity were found to be roughly +/- 1 m 
and between +/- 0.01 to 0.05 m/s accurate on satellite GPS receivers [36]. The noise on the 
quaternions and angular velocity were kept to relatively low noise levels.  
 

Table 6.5: Noise levels on state vector 

Mission parameter Value 

Position +/- 1 m 

Velocity +/- 0.05 m/s 

Quaterions 1e-3 rad 

Angular velocity 1e-3 rad/sec 

 
​ The same simulation ran in section 6.2 for a 2500 meter away mission was reran with a 
noisy state vector being inputted into the jacobians for linearization and for the nonlinear MPC 
solver block.  
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Figure 6.17: Trajectory comparison between ideal and noisy state vector 
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Figure 6.18: Close up of docking with sensor noise 

​  
​ Figure 6.18 and 6.17 showcase the performance of the nonlinear MPC when noise has 
been added to the state vector. Figure 6.17 compares the nominal trajectory previously shown in 
figure 6.9 with the new trajectory when the state has amplitude of noise shown in table 6.5. The 
trajectory is slightly different, with the cubesat unable to make a clear straight path to the 
reference points listed in table 6.2. Although even with a noise state vector, the nonlinear MPC 
was able to complete the rendezvous. The docking phase did not yield the same result as shown 
in figure 6.18. With noisy states the nonlinear MPC was able to completely stay within the line 
of sight constraint and handle a hard time station keeping at the final docking position.  
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Figure 6.19: Computational solving time comparison  

 
​ Figure 6.19 demonstrates the nonlinear MPC computational time throughout the 
simulation. It compares the computational load when receiving clean state data and noise state 
data. The simulation as whole runs at 200 Hz, with the nonlinear MPC solver running at 5Hz. 
Each iteration to compute a solution from the nonlinear MPC is roughly between 33 Hz and 50 
Hz. This showcases the nonlinear MPC’s ability for real time feasibility as it is able to perform 
below the sample rate of control loop frequency.  
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6.4 ​ Allocation Performance  
 
​ The results in section 6.2 and 6.3 were conducted with nominal forces and moments 
being applied to the dynamics of the chaser cubesat. In section 5.3 the allocation method was 
discussed by setting up an objective function to minimize force and moment response from the 
actuators and the force and moment input produced by the nonlinear MPC. Some simulink 
rewiring is needed to overwrite the nonlinear MPC solver’s demanded force and moment vector 
with the force and moment vector produced from allocation.  
​  
 

 
Figure 6.20: Signal routing for allocation into the loop 

 
​ In figure 6.20 the green colored box is the allocation function box, the magenta box is a 
matlab function block that takes in the allocation output along with the state quaternions to 
determine what feasible force and moment vector the actuators can produce from the nonlinear 
MPC demands. The cyan function box is a custom matlab function to overwrite the nonlinear 
MPC demands with the output of the magenta box, this uses the actuator achievable force and 
moments from the allocation scheme in the control loop rather than the demands of nonlinear 
MPC. Once the simulation was rewired to take in the allocation force and moment input, a 
simulation was run at 1200 meters away to compare performance between nominal nonlinear 
MPC and a nonlinear MPC with allocation in the loop.  
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​

 
 

 
Figure 6.21: Nominal vs allocation actuation trajectory 

 
​ Figure 6.21 demonstrates the trajectory comparison of a 1200 meter away mission with 
and without allocation. Allocation provides realistic force and moment inputs based on the 
thrusters and reaction wheel discussed in chapter 2. The comparison shows that with realistic 
force and moments the nonlinear MPC has a tougher time reaching for its rendezvous set point as 
listed in table 6.2. Though the solver does not take the same trajectory as when using the 
nonlinear MPC demanded force and moments, it still achieves its target of rendezvous and 
docking.  
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Figure 6.22: Close of up of docking with allocation in the loop 

​  
​ Figure 6.22 shows a close up of the trajectory during docking when allocation is in the 
control loop. The trajectory is on the border of the line of sight constraint and struggles with 
station keeping, this suggests that tuning of either allocation or the nonlinear MPC gains are 
required when using realistic actuator forces and moments.  
 

101 



 

 
Figure 6.23: Thruster commands ​

 

 
Figure 6.24: Force produced with allocation in the loop 
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Figure 6.25: Moment produced with allocation in the loop 

 
​ Figure 6.23 displays the thruster commands for all 8 thrusters described in chapter 2. The 
thrusters are firing aggressively as it tries to meet the force and moment demands of the 
nonlinear MPC. Although allocation has provided realistic forces and moments, more modeling 
is still required as thrusters may not be instantaneous. As for frequency of the thrusters firing, 
this can be reduced by tuning the R matrix in either the nonlinear MPC or in the R matrix in the 
allocation scheme. The force and moments produced in figures 6.24 and 6.25 showed similar 
oscillations when running the simulation without allocation, the only difference being the 
magnitude of the forces were less than without allocation in the control loop.  
 
 
 
 
 
 
 
 
 
 
 
 
 

103 



 

6.5 ​ Conclusion 
 ​  
​ While the nonlinear MPC worked for a mission starting phase 3, it was not optimal as it 
flew past the target on the initial pass but with tuned gains the nonlinear MPC was able to reach 
the target position. Phase 2 worked very similarly to phase 1, it took some time but it also was 
able to reach its final docking port. Phase 1 and 0 worked extremely well as they had little to no 
problem reaching their target positions as shown in section 5. In both phase 1 and 0 the error 
between the reference state and the actual state was minimal compared to phases 2 and phases 3.  
​  
​ Seeing struggles with phases 2 and 3 suggests that perhaps a better reference trajectory is 
needed so that the path is more feasible for the NMPC to solve for control inputs. Other concerns 
could be that from long distances the cubesat is underpowered and does not have the thrust 
available to meet the demands of NMPC to meet the predicted states from the solver. This 
suggests that either stronger thrusters are required or a more optimal reference trajectory is 
needed so that NMPC does not command extreme control inputs.  
 
​ Based on the results in sections 5 and 6, the nonlinear MPC does an adequate job in 
phases 2 and 3 and an excellent job in the rendezvous and docking phases 1 and 0. Though the 
controller is not optimal it still manages to achieve its objective. When adding realistic sensor 
noise to the state vector, the nonlinear MPC was still able to achieve its target goal, though the 
trajectory did differ from the nominal test simulation. Also based on the solver computational 
time in figure 6.18, the nonlinear MPC demonstrated its real time feasibility as it was well within 
the control loop sampling time. As for the allocation, it demonstrated the ability to provide the 
thruster inputs and reaction wheel torques needed to complete a rendezvous and docking mission 
from at least 1200 meters away. Further out missions required gain tuning as the mission was 
still achievable but did not take an optimal trajectory to the target set points.   
 
 
​  
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7.​ Next steps 
 
7.1 ​ Recommended future work  
 

Oscillations in the force and moments demanded from the nonlinear MPC suggest more 
gain tuning is required in either the allocation scheme or the nonlinear MPC cost function. The 
allocation scheme in this project was set-up to provide a reference of how the thrusters were 
being allocated and when held to physical constraints (thrusters being pushers only) could they 
achieve the control input demands of the nonlinear MPC. The gains for both the allocation 
scheme and nonlinear MPC have not been optimized, leaving room for improvement.  

 
Another area of future work would be to create an optimization scheme to optimize the 

gains of this cubesat. Perhaps looking into the plentiful MATLAB global optimization toolbox 
and work with genetic algorithms or particle swarm optimization. Hopefully these optimization 
algorithms can help smooth out the thrust and moment inputs from the NMPC. 

 
There are a few items that could go a long way to increasing the fidelity of the dynamics 

used for the NMPC. In this project the J2 effect assumed that there is no inclination between 
target and chaser cubesat, this simplified the equations and assisted with simulation time. To 
further increase the fidelity of the dynamics, J2 effects will need to be considered when 
inclination is present.  

 
Lastly the reference trajectory can be updated to handle phase 3 missions much better by 

adding a hohmann transfer trajectory in that phase as suggested in one of the references [30]. 
This will yield more accurate results in determining reference states for the NMPC to work with. 
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Appendices 
Appendix A — MATLAB Code: LVLH frame dynamics function 

function [x_dot] = dynamics_lvlh(x, u, mass, params) 
% DYNAMICS_lvlh Implements the continuous-time nonlinear state dynamics 
% between the target and chaser cubeSat 
eps = 1e-12; 
% Translational States 
r = x(1:3);      
r_dot = x(4:6);  
r_z_offset = params.xo(1); 
% Rotational States 
q = x(7:10);   
q = q / (norm(q) + 1e-12); % eps added to avoid division by zero 
omega_b = x(11:13); 
q_mod = [q(4), q(1), q(2), q(3)]; 
% division by 0 protection 
if norm(r_dot) < eps 
   v_unit_inertial = [1;0;0]; 
else 
   v_unit_inertial = r_dot / norm(r_dot); 
end 
% Convert Quaternion to Rotation Matrix and Rotate Velocity 
R_I2B = myQuat2Rotm(q_mod); 
v_body = R_I2B * v_unit_inertial; 
% Nan protection 
if any(isnan(v_body)) 
   v_body = [0;0;0]; 
end 
 
areas = [0.01, 0.01, 0.03, 0.03, 0.03, 0.03]; 
normals = [1,0,0; -1,0,0; 0,1,0; 0,-1,0; 0,0,1; 0,0,-1]; 
       
A_eff = 0; 
for i = 1:6 
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   projection = dot(normals(i,:), v_body); 
   if projection > 0 
       A_eff = A_eff + (areas(i) * projection); 
   end 
end 
% Control Inputs 
F_ctrl = u(1:3); 
tau_ctrl = u(4:6); 
% Physical Parameters 
mu = 3.986004418e14;      
R_t = 6378000 + r_z_offset;     
n = sqrt(mu / R_t^3);       
J = diag([0.05, 0.05, 0.05]);   
z_alt = R_t + r(3); 
% Atmospheric Drag Calculation 
rho = 2.418e-11; % constant for now 
CD = 2.2; 
v_rel = norm(r_dot); 
if v_rel > eps 
   a_drag = -0.5 * rho * (CD * A_eff / mass) * v_rel * r_dot; 
else 
   a_drag = zeros(3,1); 
end 
% J2 Gravitational Perturbation Calculation 
J2 = 1.08263e-3; 
Re = 6378137;   
mu = 3.986004418e14; 
% Absolute position of Target 
r_t_mag = R_t; 
a_j2_target_x = -(3/2) * J2 * (mu * Re^2 / r_t_mag^4); 
% Absolute position of Chaser 
r_c_mag = sqrt((R_t + r(1))^2 + r(2)^2 + r(3)^2); 
r_c_mag = max(r_c_mag, Re); 
a_j2_chaser_x = -(3/2) * J2 * (mu * Re^2 / r_c_mag^4) * ((R_t + r(1))/r_c_mag); 
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a_j2_chaser_y = -(3/2) * J2 * (mu * Re^2 / r_c_mag^4) * (r(2)/r_c_mag); 
% Differential Acceleration 
a_j2_lvlh_x = a_j2_chaser_x - a_j2_target_x; 
a_j2_lvlh_y = a_j2_chaser_y; 
a_j2_lvlh_z = 0; 
% Total Acceleration update 
a_j2_x = a_j2_lvlh_x; 
a_j2_y = a_j2_lvlh_y; 
a_j2_z= a_j2_lvlh_z; 
% Nonlinear Gravity Gradient 
G_NL_x = - (mu * (R_t + r(1))) / r_c_mag^3 + mu / R_t^2; 
G_NL_y = - (mu * r(2)) / r_c_mag^3; 
G_NL_z = - (mu * r(3)) / r_c_mag^3; 
% Rotational/Coriolis Effects 
a_rotational = [2*n*r_dot(2) + (n^2)*r_dot(1);  
              -2*n*r_dot(1) + (n^2)*r_dot(2);  
               0]; 
% Total Acceleration 
x_dot = zeros(13, 1); 
x_dot(1:3) = r_dot; 
x_dot(4) = a_rotational(1) + G_NL_x + F_ctrl(1)/mass + a_drag(1) + a_j2_x; 
x_dot(5) = a_rotational(2) + G_NL_y + F_ctrl(2)/mass + a_drag(2) + a_j2_y; 
x_dot(6) = a_rotational(3) + G_NL_z + F_ctrl(3)/mass + a_drag(3) + a_j2_z; 
% Quaternion Kinematics 
Omega = [ 0,         -omega_b(1), -omega_b(2), -omega_b(3); 
         omega_b(1),  0,          omega_b(3), -omega_b(2); 
         omega_b(2), -omega_b(3),  0,          omega_b(1); 
         omega_b(3),  omega_b(2), -omega_b(1),  0          ]; 
x_dot(7:10) = 0.5 * Omega * q; 
% Rotational Dynamics 
cross_term = cross(omega_b, J * omega_b); 
omega_dot = J \ (tau_ctrl - cross_term); 
x_dot(11:13) = omega_dot; 
End 

112 



 

 
Appendix B — MATLAB Code: NMPC Solver Function 

function U_optimal = NMPC_Solver(F_max, Tau_max, X_k, A_k, B_k, X_ref, 
currImp) 
   %NMPC_solver takes in maximum force and moments, state vector from the 
   %nonlinear dynamics function, linearized A and B matrices from the 
   %jacobian calculator function, reference state from the reference 
   %trajectory function and uses quadprog function to output nominal force 
   %and moment vector u. 
   % state set-up 
   N = 20; 
   NX = 13; 
   NU = 6; 
   n_max = (NU * N) + 1; 
   
   % Coder Setup for quadprog function 
   coder.varsize('H_qp', [n_max, n_max], [1, 1]); 
   coder.varsize('f_qp', [n_max, 1], [1, 0]);   
   coder.varsize('A_inst', [5*N, n_max], [1, 1]); 
   coder.varsize('b_inst', [5*N, 1], [1, 0]); 
   x_pos = X_k(1); 
   dist = norm(X_k(1:3)); 
   dist_y = abs(X_k(2)); 
   if dist > 8500 
       phase = 3; 
   elseif dist > 2000 
       phase = 2; 
   elseif dist > 90 
       phase = 1; 
   else 
       phase = 0; 
   end 
   if phase == 3 
       Q_diag = [200, 199, 10, 2000, 1000, 10, 1, 1, 1, 1, 10, 10, 10]; 
       R_diag = [0.7, 0.5, 0.5, 5, 10, 5]; 
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       S_penalty = 1000; 
       use_los = false; 
   elseif phase == 2 
       Q_diag = [200, 199, 50, 20879, 1000, 10, 1, 1, 1, 1, 10, 10, 10]; 
       R_diag = [0.3932, 0.2919, 10, 5, 10, 5]; 
       S_penalty = 100; 
       use_los = false; 
   elseif phase == 1 
       Q_diag = [20, 20, 10, 10, 10, 10, 1, 1, 1, 1, 10, 10, 10]; 
       R_diag = [1, 3, 1, 2, 2, 2]; 
       S_penalty = 500; 
       use_los = false; 
   else 
       Q_diag = [20, 20, 20, 10, 10, 10, 100, 100, 100, 100, 10, 10, 10]; 
       R_diag = [1, 1, 1, 0.1, 0.01, 0.1]; 
       S_penalty = 500; 
       use_los = true; 
   end 
   Ad = A_k; 
   Bd = B_k; 
   % Numerical Safety: Cap Ad to prevent Inf/NaN at final N 
   Ad(abs(Ad) > 100) = sign(Ad(abs(Ad) > 100)) * 100; 
   if any(~isfinite(Ad(:))) 
       Ad = eye(NX); 
   end 
   Phi = zeros(NX*N, NX);  
   Gamma = zeros(NX*N, NU*N);  
   A_p = eye(NX); 
   for i = 1:N 
       A_p = A_p * Ad; 
       Phi((i-1)*NX+1:i*NX,:) = A_p; 
       B_acc = eye(NX); 
       for j = 1:i 
           Gamma((i-1)*NX+1:i*NX, (j-1)*NU+1:j*NU) = B_acc * Bd; 
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           B_acc = Ad * B_acc; 
       end 
   end 
   Q_step = diag(Q_diag); 
   Q_big = kron(eye(N), Q_step); 
   Q_big(end-NX+1:end, end-NX+1:end) = S_penalty * Q_step; 
   
   R_big = kron(eye(N), diag(R_diag)); 
   H_base = Gamma' * Q_big * Gamma + R_big; 
   f_base = Gamma' * Q_big * (Phi * X_k - reshape(X_ref(:,2:N+1), NX*N, 1)); 
   % Los constraint 
   max_drop = -100000; 
   C_safe = zeros(1, 13);  
   C_safe(1) = -1; 
   
   if use_los 
       target_th = deg2rad(20); 
       curr_th = atan2(norm(X_k(2:3)), abs(X_k(1)) + 1e-6); 
       tan_th = tan(max(target_th, curr_th + deg2rad(2))); 
       C_los = [-tan_th 1 0 zeros(1,10); -tan_th -1 0 zeros(1,10); ... 
                -tan_th 0 1 zeros(1,10); -tan_th 0 -1 zeros(1,10)]; 
       
       H_qp = blkdiag(H_base, 1e4);  
       f_qp = [f_base; 0]; 
       A_inst = zeros(5*N, (NU*N)+1);  
       b_inst = zeros(5*N, 1); 
       
       for i = 1:N 
           G_i = Gamma((i-1)*NX+1:i*NX, :);  
           P_i = Phi((i-1)*NX+1:i*NX, :); 
           b_val = (abs(P_i(1,:)*X_k)*tan_th + 0.2); 
           A_inst((i-1)*4+1:i*4, 1:NU*N) = C_los * G_i; 
           A_inst((i-1)*4+1:i*4, end) = -1; 
           b_inst((i-1)*4+1:i*4) = b_val - C_los*P_i*X_k; 

115 



 

 
           A_inst(4*N + i, 1:NU*N) = C_safe * G_i; 
           b_inst(4*N + i) = abs(max_drop) - C_safe*P_i*X_k; 
       end 
   else 
       H_qp = H_base;  
       f_qp = f_base; 
       A_inst = zeros(N, NU*N);  
       b_inst = zeros(N, 1); 
       for i = 1:N 
           A_inst(i,:) = C_safe * Gamma((i-1)*NX+1:i*NX, :); 
           b_inst(i) = abs(max_drop) - C_safe * Phi((i-1)*NX+1:i*NX, :) * X_k; 
       end 
   end 
   F_max_c = F_max; 
   % check to see if fuel is not out. 
   if currImp <= 1e-4 
       F_max_c = [0;0;0]; 
   end 
   n_vars = length(f_qp); 
   lb = [repmat([-F_max_c; -Tau_max], N, 1)]; 
   ub = [repmat([F_max_c; Tau_max], N, 1)]; 
   if use_los 
       lb = [lb; 0]; 
       ub = [ub; 1e3]; 
   end 
   
   [U_sol, ~, exitflag] = quadprog((H_qp+H_qp')/2, f_qp, A_inst, b_inst, [], [], lb, 
ub, zeros(n_vars,1), ... 
                                   
optimoptions('quadprog','Display','off','Algorithm','active-set')); 
   U_optimal = U_sol; 
end 
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Appendix C — MATLAB Code: Reference Trajectory Generator 
function X_ref = generate_reference_trajectory(X_k, N, phase_mode) 
   Ts = 0.2; 
   theta_deg = 20; 
   X_ref = zeros(13, N + 1); 
   X_ref(:, 1) = X_k; 
   mu = 3.986004418e14; 
   Rt = 6378000 + 500; % Altitude of target orbit 
   n = sqrt(mu / Rt^3); 
   % Holding points for each phase 
   r_target_Hom    = [500; 2000; 100]; 
   r_target_prox    = [200; 500; 100];   
   r_target_hold    = [80.0; 2.0; 0.5]; 
   r_target_dock    = [10.0; 0.0; 0]; 
   
   w_stop = [0.0; 0.0; 0.0]; 
   % reference switch for each phase 
   if phase_mode == 3 
       r_goal = r_target_Hom; 
       V_max = 10; 
       q_aligned = [0.7071; 0.0; 0.7071; 0.0]; %align z-axis with v-bar 
   elseif phase_mode == 2 
       r_goal = r_target_prox;    
       V_max = 2.0; 
       q_aligned = [0.7071; 0.7071; 0.0; 0.0];%align z-axis with v-bar 
   elseif phase_mode == 1 
       r_goal = r_target_hold;    
       V_max = 0.5; 
       q_aligned = [1; 0.0; 0.0; 0.0];%align z-axis with cross-track, more drag :) 
   else 
       r_goal = r_target_dock;    
       V_max = 0.3; 
       q_aligned = [0.7071; 0.7071; 0.0; 0.0];%align z-axis with v-bar for docking. 
   end 

117 



 

 
   % Guidance Logic 
   r0 = X_k(1:3); 
   vec_to_goal = r_goal - r0; 
   dist = norm(vec_to_goal); 
   u_vec = [0;0;0]; 
   if dist > 1e-3 
       u_vec = vec_to_goal / dist; 
   end 
   % Velocity Scaling 
   % Braking funnel 
   if phase_mode == 0 || phase_mode == 1 
       braking_distance = 150; % Start slowing down at 150m 
   elseif phase_mode == 2 
       braking_distance = 300; 
   else 
       braking_distance = 1000; 
   end 
   
   % Use a linear ramp for V_cmd to make deceleration more predictable 
   if dist > braking_distance 
       V_cmd = V_max; 
   else 
       V_cmd = V_max * (dist / braking_distance); 
   end 
   
   % Ensure a minimum approach speed so the chaser doesn't stall 
   V_cmd = max(V_cmd, 0.05); 
   
   % make v_cmd_vec a 3x1 vector pointing toward the goal 
   v_cmd_vec = u_vec * V_cmd; 
   for i = 1:N 
       dt = i * Ts; 
       
       if phase_mode == 0 || phase_mode == 1 
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           % STRAIGHT LINE: Predicted position moves toward goal at V_cmd 
           X_ref(1:3, i+1) = r0 + (v_cmd_vec * dt); 
          
       else 
           % CW CURVE: Prediction anchored to the COMMANDED velocity, not 
actual speed 
           % This forces the NMPC to brake if the actual speed exceeds v_cmd_vec. 
           X_ref(1, i+1) = r0(1)*cos(n*dt) + (v_cmd_vec(1)/n)*sin(n*dt) + 
(2/n)*v_cmd_vec(2)*(1-cos(n*dt)); 
           X_ref(2, i+1) = r0(2) + (2/n)*v_cmd_vec(1)*(cos(n*dt)-1) + 
(v_cmd_vec(2)/n)*(4*sin(n*dt)-3*n*dt) - 3*r0(1)*n*dt; 
           X_ref(3, i+1) = r0(3)*cos(n*dt) + (v_cmd_vec(3)/n)*sin(n*dt); 
           X_ref(4, i+1) = -r0(1)*n*sin(n*dt) + v_cmd_vec(1)*cos(n*dt) + 
2*v_cmd_vec(2)*sin(n*dt); 
           X_ref(5, i+1) = 2*v_cmd_vec(1)*-sin(n*dt) + 
v_cmd_vec(2)*(4*cos(n*dt)-3) - 3*r0(1)*n; 
           X_ref(6, i+1) = -r0(3)*n*sin(n*dt) + v_cmd_vec(3)*cos(n*dt); 
       end 
       % Reference velocity is the speed limit, not the current speed 
       if phase_mode == 0 || phase_mode == 1 || phase_mode == 2 
           X_ref(4:6, i+1) = v_cmd_vec; 
       end 
   end 
   % Assemble Orientation and Damping 
   if phase_mode == 0 
       tan_lim = tan(deg2rad(theta_deg - 2)); 
       for i = 1:N 
           limit = max(0.1, abs(X_ref(1, i+1)) * tan_lim); 
           X_ref(2, i+1) = max(min(X_ref(2, i+1), limit), -limit); 
           X_ref(3, i+1) = max(min(X_ref(3, i+1), limit), -limit); 
       end 
   end 
   X_ref(7:10, 2:N+1) = repmat(q_aligned, 1, N); 
   X_ref(11:13, 2:N+1) = repmat(w_stop, 1, N); 
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end 
 

Appendix D — MATLAB Code: Calculate Jacobians 
function [Ad, Bd] = calculate_jacobians(x, u, mass, params) 
% mpc states and perturbation parameter 
NX = 13; 
NU = 6;  
epsilon = 1e-9; 
   
Ac = zeros(NX, NX); 
Bc = zeros(NX, NU); 
f_nom = dynamics_lvlh(x, u, mass, params); 
% Perturb for Ac 
for j = 1:NX 
   x_p = x; x_p(j) = x_p(j) + epsilon; 
   Ac(:, j) = (dynamics_lvlh(x_p, u, mass, params) - f_nom) / epsilon; 
end 
% Perturb for Bc 
for j = 1:NU 
   u_p = u; u_p(j) = u_p(j) + epsilon; 
   Bc(:, j) = (dynamics_lvlh(x, u_p, mass, params) - f_nom) / epsilon; 
end 
% Manual Discretization 
M = expm([Ac, Bc; zeros(NU, NX+NU)] * Ts); 
Ad = M(1:NX, 1:NX); 
Bd = M(1:NX, NX+1:end); 
end 
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Appendix E — MATLAB Code: Calculating max available force and moment 
function [F_max_LVLH, M_max_LVLH] = calculateMaxActuationLVLH(x) 
%quarterions from state vector 
q = x(7:10);  
q_norm = norm(q); 
% ensure quarterions are unit vectors and do not build up. 
if q_norm > 1e-6 
   q = q / q_norm; 
else 
   q = [1; 0; 0; 0]; 
end 
q1 = q(1); q2 = q(2); q3 = q(3); q4 = q(4); 
% rotation matrix lvlh to the body frame 
R_LVLH2Body = [1 - 2*q3^2 - 2*q4^2,   2*(q2*q3 - q4*q1),   2*(q2*q4 + q3*q1); 
              2*(q2*q3 + q4*q1),   1 - 2*q2^2 - 2*q4^2,   2*(q3*q4 - q2*q1); 
              2*(q2*q4 - q3*q1),   2*(q3*q4 + q2*q1),   1 - 2*q2^2 - 2*q3^2]; 
% rotation matrix body frame to the lvlh frame 
R_Body2LVLH = R_LVLH2Body'; 
% Geometric & Physical Constants 
T_max = 0.01;           
gamma = cosd(15);       
beta = sind(15)*cosd(45); 
alpha = cosd(30);       
phi = sind(30);        
% moment Arms 
d = 1.4054 / 1000;     
r_bar = 50 / 1000;      
% Calculate Max Body-Frame Forces 
Fx_max_B = (2*T_max*beta) + (T_max*alpha) + (T_max*phi); 
Fy_max_B = (2*T_max*beta) + (T_max*alpha) + (T_max*phi); 
Fz_max_B = (2*T_max*gamma); 
if abs(Fx_max_B) > 0.4 
   Fx_max_B = sign(Fx_max_B)*0.4; 
end 
if abs(Fy_max_B) > 0.4 
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   Fy_max_B = sign(Fy_max_B)*0.4; 
end 
if abs(Fz_max_B) > 0.4 
   Fz_max_B = sign(Fz_max_B)*0.4; 
end 
% Assemble max body force vector 
F_body = [Fx_max_B; Fy_max_B; Fz_max_B]; 
% Calculate Max Body-Frame Moments 
Mx_max_B = (Fz_max_B * r_bar) + (Fy_max_B * d); 
My_max_B = (Fz_max_B * r_bar) + (Fx_max_B * d); 
Mz_max_B = (Fx_max_B + Fy_max_B) * r_bar; 
M_body = [Mx_max_B+0.0059; My_max_B+0.0059; Mz_max_B+0.0050]; 
% Rotate the moment capability vector into the orbital frame 
F_max_LVLH = abs(R_Body2LVLH * F_body); 
M_max_LVLH = abs(R_Body2LVLH * M_body); 
end 
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Appendix –-E: Link to plotting scripts and simulink file 
 

Google drive link:  AE295B: Ramon Medina Code Folder
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https://drive.google.com/drive/folders/1pbL5CdrNz5fF7RLlCAbSw35ildeAKThg?usp=drive_link
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